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Introduction

Instilling today’s young learners with a commitment to, motivation for, and interest in 
incremental numeracy development is vital for their long-term success. Early 
mathematics is a subject that doesn’t always get its due in preschool and kindergarten 
classrooms; and, unfortunately, that shortcoming may stay with students throughout the 
rest of their lives. 


Prioritizing numeracy development early on has manifold benefits, not just for math 
development but for students’ ability to think logically and recognize the way the world 
works around them. Enriched math skills can help a student learn other subjects better, 
as well—and, studies have shown, math skills generally correlate to markers of later 
success (such as high job aspirations and higher rates of high school graduation). 


In this course, we will discuss the importance of basic numeracy, the current research 
currently that underlies numeracy’s role in a classroom, and methods that teachers and 
parents can use to help a child grow in this vital skill.


Section 1: The Importance of Basic Numeracy Skills for 
Young Students

If we were to take a brief look at the average American preschool day, we might be 
surprised to see just how little mathematics is practiced, taught, or even thought about 
during that time. While this might not be surprising—there could be a part of us that 
thinks that preschool might be early for very young students to learn math skills—by 
contrast, preschools tend to spend much of their days helping students cement their 
gateway literacy skills. Numeracy is similarly extremely important, a true foundational 
skill for young students to learn, but it’s not being introduced nearly as early as reading 
and writing skills (Pellissier, 2020). 


(In fact, one study calculated that—compared to the hours a week a typical preschool 
tends to spend on storytime and basic reading and verbal comprehension skills—the 
average preschool spends approximately 58 seconds per day on math instruction.) 
(Pellissier, 2020)


Even those few moments set aside for math often aren’t utilized to their fullest extent. 
Very young students, in the daily math minute they are allotted, often simply 
concentrate on reciting the numbers from one to ten, or other easy memorization tasks. 
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Little is done to broach the topic of larger mathematical concepts or logical flows that 
will help young students with later studies (Pellissier, 2020). 


American parents and educators have largely grasped the importance of early literacy. 
It’s time for mathematics to have a similar renaissance. As we’ll discuss here, the 
research is showing that exposing our children to math early on in life is crucial for their 
later success in not only math but other topics as well. As one developmental 
psychologist mentioned, early math skills can often predict higher levels of aptitude and 
even achievement later in life. One study even noted that focusing on math early on in 
life tended to jumpstart later creativity and leadership skills (Pellissier, 2020). 


All of this simply goes to say: It’s time to put early math skills back in the spotlight. That 
starts, partially, with a realization that our current strategies for familiarizing young 
children with math concepts aren’t quite doing the job. 


Why Counting Drills Aren’t the Same as Strong Numeracy Foundations 

If a preschool environment does place some importance on teaching early math skills, 
it’s done in a very simple way. Typically, a preschool math education consists of 
surrounding a child with numbers to increase familiarity, and to practice counting 
numbers in sequence (much like a child practices singing the letters of the alphabet). 
However, where early literacy education tends to use similar activities as jumping-off 
points for other early types of reading, speaking, and writing activities, that simple 
exposure to the existence of numbers tends to form the bulk of the preschool numeracy 
focus (Pellissier, 2020). 


One Stanford expert on early education believes that this practice is far from sufficient to 
help young children form a solid foundation for later mathematics skills. Merely learning 
to count (by simple memorization) does teach children the numeric words and the 
correct ordering of numbers, but little else. Children who are able to rattle off the 
numbers from 1-10 (or even 1-100) demonstrate that they’re good at memorizing lists. 
This skill does not necessarily show numeric awareness (Pellissier, 2020). 


This exposure to numbers from an early age needs to be fortified with other activities. If 
the list of numbers that a child learns is not paired with meaning and relevance in those 
early years, a child will be behind in numeracy when the time comes to level-up those 
basic mathematics skills (Pellissier, 2020). 
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An Emerging Theory: Children Are Born with a Set of Early Math Skills


New studies are surfacing that are painting an interesting picture of the skills even 
month-old babies have when it comes to mathematics. One experiment out of the 
University of Arizona showed that six-month-old infants, while clearly not able to 
articulate an understanding of basic addition, expected the logical results of visual 
addition (for example, when two dolls were placed before them, one by one, and then 
two dolls were placed before them at the same time, the babies seemed to recognize 
that these were equivalent situations) (Pellissier, 2020). 


Researchers believe that this instant and perhaps innate ability to recognize the number 
of a group of items before us may indeed be hard-wired. If so, it is suggestive that we are 
built with some degree of numeracy awareness. The current recognized term for this 
ability is ‘subitizing,’ or the ability to identify almost immediately the number of items 
before you (instead of looking at a group of five apples and needing to count from one 
to five each time) (Pellissier, 2020). 


Researchers following young students as they increase this innate ability have been able 
to chart some level of expected progress by age. For example, preschoolers should be 
able to subitize a group of one to three items. By age seven, children should be able to 
instantly recognize the number of a group of up to seven items (Pellissier, 2020). 


This might not seem like a critical or particularly impressive skill to an adult, but it’s 
these types of foundational abilities that make math skills easier (or even possible) later 
in life. If children have the ability to naturally, instantly, and painlessly subitize larger 
numbers, they may find that other math skills come much easier to them as they grow 
(Pellissier, 2020). 


While the first instances of this ability may be innate, it’s our job as teachers to make 
sure that students strengthen and grow this skill. Merely reinforcing counting drills may 
not cut it, unfortunately - which means that we need to think outside the box when it 
comes to early math instruction (Pellissier, 2020). 


The Importance of Introducing New Contexts for Numbers


One way to build upon the innate recognition or talent for numeracy that all children 
may already have is to help them learn more meaningful contexts for the numbers they 
may already be memorizing. This doesn’t have to be complicated. For example, instead 
of simply counting to ten in a simple verbal exercise, it could help to take a number of 
fun, recognizable items - stuffed toys, for example - and set them before a child as you 
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count together. This will help students connect the phonological and verbal idea of the 
name of a number to the number of objects they see before them (Pellissier, 2020). 


For early numeracy education, we can also capitalize on the natural abilities that young 
children have. For example, children around the ages of two or three are typically good 
at (and interested in) sorting activities, comparative activities, and recognition activities. 
If you give them a jumble of mixed-up toys, they will enjoy the task of sorting the toys 
from large to small, in different colors, and in different groupings (cars in one place, 
dinosaurs in another, and so on) (Pellissier, 2020). 


As the children grow and understand the questions you ask them, you can ask a child to 
delve a little more into this natural sorting ability. You can ask them how many more 
dinosaurs they have when compared to cars. The child can work to count how many cars 
there are, and how many dinosaurs there are. You can request that the child work to 
sort the toys in different ways. All of these sorting activities will help your child connect 
numbers to real-world meanings, and thereby start to build a strong foundation for later 
math skills. This might seem basic, but this can help later when you begin to ask slightly 
more complicated numeric questions, such as adding the groups of toys together, or 
taking one car away from the child, and requesting an updated count (Pellissier, 2020). 


The (Literal) Building Blocks of Your Student’s Numeracy Capabilities


No-one likes dealing with blocks scattered all over the floor, but building blocks and 
other toys provide an easy ‘in’ for children to get excited about mathematical concepts 
from an early age. As it turns out, different measurements, amounts, and variabilities in 
distinct physical concepts (size, number, color, and so on) delight children. When 
something is very large, that fascinates them. The idea of being able to discover bigger 
and smaller things, the size relationship between toys, the thrill of counting ever higher - 
these are all alluring activities for young children, and it’s important to capitalize upon 
that excitement (Pellissier, 2020). 


Measurement and associated activities may be an easy way for young children to get 
interested in math; according to some experts, it may even be a better choice for 
introductory math activities than counting drills. Various measured constructs such as 
length, depth, and weight are concepts that we use without any thought in every day of 
our adult lives. Measuring activities can help develop these instinctive and useful skills. 
Concentrating on measurement skills can also help a child build logic and reasoning 
skills; and, because measuring helps connect abstract numbers with concrete visual or 
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tangible items, measuring can serve as a backdrop or foundation for later geometric 
study (Pellissier, 2020). 


A Study in Shapes: Your Young Student’s Visual Mathematical Foundations 


When children play with blocks, they’re doing far more than just building little houses or 
towns or vehicles to play with. They’re boosting their spatial awareness. This type of play 
is hugely valuable: In fact, the more complex structures that children build with blocks 
when young, the higher correlation with math success in high school (Pellissier, 2020). 


Blocks, building or otherwise, can help preschoolers visualize what a circle, a square, and 
a rectangle are. This type of connection is called visual literacy. Visual literacy and spatial 
awareness support both numeracy and literacy goals. However, very young students 
don’t tend to learn these skills from early literacy efforts, which are generally more 
focused on communication, comprehension, and phonological awareness (Pellissier, 
2020). 


With visual literacy and spatial awareness, words that discuss space and depth and 
length and mass (such as ‘behind’, ‘backward’, ‘edge’, ‘shallow’) take on a concrete and 
practical meaning. This, in turn, can help confer a real-world reason for children to think 
of later math lessons as practical, useful skills instead of abstract ones - a key motivator 
to help children be far more excited about the prospect of practicing math (Pellissier, 
2020). 


A Child’s Appreciation for Patterns Can Assist with Later Math Goals 


From the very earliest days of children’s development, they are able to recognize 
patterns—first in black and white, then in color, then with more detail, and so on. This 
evolving pattern recognition helps children understand the value of repeated patterns. 
This is far more than just a tenet of abstract art appreciation. The understanding of the 
relationship between what came before and what comes next allows children to 
extrapolate and manipulate quantities and patterns and, later, numbers in logical ways. 
This makes later understanding of multiplication and division much more natural and 
intuitive (Pellissier, 2020). 


Why Is Math Important? 


One could argue that math is far from a foundational subject. After all, students who 
might be planning on going into art or music might not need to know their algebra and 
geometry. 
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Setting aside the clear mathematical basis for elements of musical theory and 
quintessential art strategies for a moment, mathematics is important because it does 
provide a language of its own. Mathematics is the language of logic, according to one 
professor of child development. If you open a high-level logic textbook, you’ll recognize 
the patterns and orders in which syllogisms and proofs take shape: They look like 
equations (Pellissier, 2020). 


On a very basic level, critical skills are being taught, including teaching children to expect 
the next step in patterns, instilling them with an appreciation for different shapes, 
providing an intuitive understanding of how measurement and direction work, and 
helping set children up for success when it comes to setting up equations and 
manipulating logic—on the surface, they might be learning their multiplication tables, 
but on a much deeper and more instinctive level, they’re learning how to think logically 
(Pellissier, 2020).


The benefit of intuitive logical systems cannot be overstated. An innate understanding of 
logic contributes to comprehension, rational thought, productive creativity, and the ways 
in which students (young and old) can add positive aims to society (Pellissier, 2020).


It isn’t overselling it to state that the beginnings of those ends, the seeds that grow into 
necessary logical comprehension, often begin with very early numeracy skills. 


Unfortunately, many preschool, PreK, and early grade parents and educators are not 
listening to this (Pellissier, 2020).


Math has a tendency to be difficult. In many cases, neither students nor teachers want 
to spend much time on it. In the early grades, mathematics (or any real, meaningful 
study of it) is pushed off until later years. The USA in particular ranks extremely poorly in 
mathematics competencies. Schools, teachers, and parents alike can take practical 
action to turn this trend around—or at least increase individual students’ understanding 
of the logical systems that mathematics represents (Pellissier, 2020). 


Section 1: Summary


While many of us are already keenly aware of the role that early literacy plays in a child’s 
development, early numeracy is not generally at the same level as far as its significance. 
However, numeracy tends to be a good predictor of later student competency and 
success; and the skills that underlie numeracy can help children learn logic and spatial 
awareness, which can assist both with other subjects and with helping a child become a 
productive member of society. 
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However, many preschools and kindergartens aren't allotted the same time and 
attention to numeracy that they are with literacy, and many children are paying the price 
as a result. 


In the next section, we’ll discuss what the latest research says regarding how children 
can best learn these concepts. 


Section 2: The Latest Research Regarding How 
Children Best Learn Mathematical Concepts

Just as research is constantly informing how best to help young students grasp early 
literacy, updated research may suggest more effective best practices for teaching math 
effectively—without suffering. These practices are based on recent findings of how the 
brain neurologically incorporates numerical concepts, as well as a growing 
understanding of the basis underlying math anxiety. 


In this section, we’ll look at what experts say about how children can learn math 
effectively, how math familiarity can help students succeed in other subjects, and what 
science suggests may be the best strategies for helping struggling students embrace 
mathematics. 


The Research: How Children Learn Mathematical Concepts Most Effectively


More so than with any subject, people who encounter mathematical struggles - from 
young children to adults - display a startling lack of a growth mindset.


Individuals with a growth mindset encounter a problem or a struggle and don't see a 
wall; they see a door that they need to figure out how to open. They see a challenge, 
one that they enjoy (or at least see a way to accomplish) the prospect of surmounting 
(Lynch, 2019). 


Persons who have a fixed mindset display less optimism and flexibility. When people 
with fixed mindsets find that they’re in a problematic or difficult situation, their first 
response is often to shrug and assume that they just aren’t cut out to deal with that 
particular problem. In English, we even have accepted terminology for this situation 
when math happens to be the struggle: A person will declare themselves “not a math 
person”, and those around will nod sagely. If a person is simply not a math person, this is 
because the brain, somehow, is less primed to grasp mathematical concepts. These 
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individuals should therefore concentrate on writing or dancing or psychology instead. 
They are just not math people (Lynch, 2019). 


This is not how learning works. Or rather, it’s not how it should work. While those who 
have a growth mindset and realize that they struggle with math might openly 
acknowledge that they have an aversion to math problems, it doesn’t end there. Rather 
than simply closing the door to any potentiality of math progress on their part, they 
accept that learning math will require work and perseverance. (Lynch, 2019). 


Unfortunately, this isn’t the prevailing train of popular thought when it comes to early 
mathematics success. As a society, we lump people into two categories: The math 
people, and people who are (very decidedly) not math people. We also tend to lay these 
labels on people very early, and based on strikingly unscientific criteria. If a young child 
shows interest in math, he or she is a math person. Any child who does not show any 
interest in math—which would be the majority, as math is not generally taught in a very 
interesting or attractive way—is not a math person (Lynch, 2019). 


These labels don’t mean anything. Sorting people into groups based on an early interest 
to learn about math more (or not) has nothing to do with their innate (or nonexistent) 
ability to learn math well (Lynch, 2019). 


Children are born with some level of numeracy awareness. All of us are, with few rare 
examples otherwise. One researcher noted that “numeracy is actually an innate skill, 
inherent in humans from birth and enhanced through formal education” (OECD, 2016).


If we take it as given that humans are all - to use our own phrase - ‘math people,’ if we 
start from that as our first principle, then we find that it’s our responsibility to help 
people who don’t think they have the ability to learn math. It’s our responsibility to 
point out and nurture the innate numeracy skills or awareness that every person has 
(Lynch, 2019). 


Whether we as adults believe that we are ‘math people’ or not, each of us operates with 
subconscious mastery of numeracy in our lives; we sense the number of small groups 
without having to count, we can do basic types of mental math, we can populate missing 
segments of patterns (think: songs, design, absent elements of recurring storylines) with 
some type of intuition, and we, in arguments and by solving problems, demonstrate the 
type of logical thought that underlies later types of math education like calculus and 
algebra (Lynch, 2019). 
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Each of us might not use complex mathematical skills regularly, but we do use more 
general math skills or underlying principles without thought. We can build on that. We 
can also concentrate on the benefits that nurturing those initial abilities has in our lives 
and on our brains (Lynch, 2019). 


What Does Research Say About The Benefits of (Further) Math Learning?


Studies into the benefit of math learning have started to show that math is integral for 
the holistic, comprehensive use of the entire human brain. Learning math, in fact, 
stimulates many different parts of the brain - making it an excellent way to assist people 
as they work to learn other subjects, as it assists the brain with building overall habits 
related to higher or more logical thought (Lynch, 2019). 


One study out of Tohuku University analyzed the various brain scans of children who 
were completing two different types of activities. One set of children was playing video 
games. The other set of children was working on a simple set of arithmetic problems. 
The brain scans showed that the students who were playing video games exhibited 
stimulation in the parts of the brain that interpret vision and movement stimuli. The 
students who were completing simple math problems had activity in many more parts of 
their brain, including the right and left areas of the brain’s frontal lobe (Lynch, 2019). 


In other words, performing basic mathematics operations seems like it has more of a 
comprehensive, all-over brain exercise effect than we previously thought. Doing math 
problems wakes up the entire brain and primes it for further learning. One of the 
researchers involved in the above study went as far as to say that the experiments “went 
on to show that addition and subtraction actually did more for growing brains than 
listening to music or listening to text read aloud”(Lynch, 2019).


Another study coming out of Stanford University analyzed the brain scans of students 
who were identified as ‘at-risk’ when it came to mathematics study. They sought to 
identify patterns in children who regularly studied with math, and strategized academic 
interventions to help children build the actual, physical electric connections in their 
brains that might be more present in students who were more ‘math people.’ Initiatives 
arising from this study are still in their beginning phases, but the hope is that schools 
across America will be able to use the data to design activities and curriculum that foster 
a more organic understanding of and appreciation for early numeracy development 
(Lynch, 2019). 


Ultimately, there has been a prevailing (and incorrect) notion in education and popular 
psychology that the methodical, math-oriented parts of our brains are somehow 
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separate from the more creative, literary sections. This is not the case. Learning math 
has been shown to stimulate the entire brain. Every human is born with and actively 
utilizes some form of numeracy awareness, and there is (or should be) no such thing as a 
self-declared ‘math person’ (or the opposite) (Lynch, 2019). 


Establishing accessible and effective programs to nurture early math awareness should 
be a first priority for modern educational establishments.


What Does Research Say About the Facilitation of Children’s Math-
Oriented Development and Learning Progress? 


In modernity, we at least understand that developing mathematical skills is required for 
our overall academic progress; this is why math is a more required and central subject 
than, say, a niche science or foreign language study. We also understand that teaching 
math in the early years is more important than teaching math in the later years; we 
know that younger children have more plastic brains than older ones. We can see this 
simply from the fact that math study is a required subject for the very young, whereas 
more niche mathematical study becomes elective by the time high school or college rolls 
around (Björklund, van den Heuvel-Panhuizen, & Kullberg, 2020). 


What we don’t necessarily have academically nailed down is the best way to foster an 
appreciation and excitement for the deep study of mathematical subjects. In the early 
years, mathematics is mostly about memorization - with the application of more logical 
or critical-thinking mathematics studies only appearing later on in a student’s schooling. 
Modern scholars are probing the effects of this current setup, and positing that, 
perhaps, focusing on math comprehension and logical structures when a student is still 
very young (much as we do with reading comprehension) might reduce the possibility of 
math fading as a subject of interest by the time a student reaches middle or high school 
(Björklund, van den Heuvel-Panhuizen, & Kullberg, 2020). 


One recent study looked at the influential components or aspects of how children play in 
early years - such as when they are in preschool or kindergarten. They also looked at the 
way that early math teaching practices were communicated to students and the effects 
of the home environment on early numeracy development (Björklund, van den Heuvel-
Panhuizen, & Kullberg, 2020). 


One of these studies sought to determine how children become fluent in the language 
of mathematics. To do this, they examined the mathematical conversations that 
happened when a student was in kindergarten. According to the researchers, 
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communication and conversation serve as a crucial link between internal thinking and 
external interaction. If children have the opportunity to provide communication and 
conversation, in those early years, based on their own internal thinking, that serves to 
help them nourish and grow their own mathematical-verbal toolkits. That serves to help 
them flesh out and ramify their own numeracy awareness (Björklund, van den Heuvel-
Panhuizen, & Kullberg, 2020). 


Unfortunately, too often - particularly in those crucial early years - mathematics 
education is seen as a one-way street (very different from the way that early literacy and 
reading comprehension is approached). Teachers teach students mathematical concepts, 
students, strictly receptive, practice those concepts. Children rarely have the 
opportunity to present their own creative ideas for how numbers work, or to pose or 
contribute arguments surrounding the shapes they see all around them (Björklund, van 
den Heuvel-Panhuizen, & Kullberg, 2020). 


The influence of every aspect of early education on literacy and numeracy cannot be 
overstated. A student’s early environment and its impact on numeracy development, in 
particular, is often extremely understated. For example, we take it for granted that very 
young children hear and incorporate vocabulary based on their caretakers’ proximal 
conversations. We take it for granted that the signage, books, and discussions that 
surround a child from a young age all serve as starting points for phonetic awareness 
and reading comprehension (Björklund, van den Heuvel-Panhuizen, & Kullberg, 2020). 


However, one study found that the environment a young child is in certainly has huge 
impacts on that child’s logical and numeracy development. For example, students often 
learn such subconscious and critical skills as spatial problem-solving from observing their 
caretakers move around their environments, talk about their schedules, or manage 
multiple children during preschool activities (Björklund, van den Heuvel-Panhuizen, & 
Kullberg, 2020). 


These newer studies posit the idea that - just as young children learn more vocabulary, 
the more they are surrounded with conversations - their numeracy toolkits will develop 
depending on the quality and quantity of the mathematical conversations with which 
they are surrounded and in which they are involved (Björklund, van den Heuvel-
Panhuizen, & Kullberg, 2020). 


From this we can glean at least one action point for parents and teachers of very young 
math students: We need to talk about numbers, we need to ask them about what 
they’re learning, and we need to allow them to formulate creative, imaginative theories 
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about early math subjects. We already do this for other subjects. We need to allow math 
the same courtesy for the best results (Björklund, van den Heuvel-Panhuizen, & Kullberg, 
2020). 


We also need to turn our attention to the way young children make use of their 
playtime. Another recent study observed the different types of play that toddlers turned 
to when presented with a wide variety of toys and games. The researchers wanted to 
know how these early play skills might relate to a young child’s innate understanding of 
the logic behind early mathematics (Björklund, van den Heuvel-Panhuizen, & Kullberg, 
2020).


The researchers found several interesting things from their study. 


• They found that the same skills that allow children to be mentally active while 
engaging in both solitary and parallel play structures and a child’s ability to both 
initiate and remain engaged in playing with others exhibited a positive correlation 
with a child’s mathematical strengths. The more interactive the type of play 
activity, the stronger the correlation to early mathematical competency. The 
researchers thus deduced that there was some link - and perhaps an influential 
structure between - social, general play skills and early mathematical learning. 
The study has not yet revealed whether they are causally linked (Björklund, van 
den Heuvel-Panhuizen, & Kullberg, 2020). 


• Another study sought to further understand the link between the play habits of 
toddlers and their burgeoning logical skills. The study investigated the innate 
challenges of early communication, as toddlers sought to correspond with one 
another through play activities. The idea of a playful application of logic (e.g., a 
playful application of the language of mathematics) grew to a theory that the 
early formation of interaction proficiency and social skill fluency has a large 
impact on later mathematical studies. Why? Children’s play is messy, contextual, 
and methodological. It’s full of influencing variables. Children who demonstrate 
the confidence for and the subconscious skill regarding initiating gameplay 
correspondence express understanding of the way that social logic works. They 
demonstrate an understanding of the simple tasks and methods that underlie 
common childhood games. They quickly learn and exhibit mastery over simple 
patterns; they become proficient at both receiving and expressing simple 
instructions to one another. The idea of receiving, interpreting, and executing 
tasks is a key part of early gameplay with others - and it’s also a central part of 
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many (even higher-level) mathematical operations (Björklund, van den Heuvel-
Panhuizen, & Kullberg, 2020). 


• The researchers noted that involvement and engagement in gameplay tended to 
seep outward and influence the engagement and involvement that young 
children exhibited with their everyday environments. This almost always 
correlated with increased numeracy development. Our world is based on intrinsic 
numerical constructs. A difference between different children - perhaps even 
those destined, later on, to claim identities as ‘math people’ or not - is the level to 
which children notice and digest our world’s framework of numbers. To this end, 
researchers posited that young children’s home environments and the level to 
which basic numeracy is incorporated there would present a strong factor into 
their later mathematical competency. To the extent that socio-cultural 
backgrounds and demographic influences play a part in the numeracy of a young 
child’s home environment, other studies have demonstrated a link between social 
status and perceived proficiency in school settings (Björklund, van den Heuvel-
Panhuizen, & Kullberg, 2020). 


• A separate study building off this idea decided to challenge the assumption that a 
home environment influences a child’s ability to progress in math. To do so, the 
researchers involved compared young student’s ability to focus on numbers or 
numerical symbols. They also assessed each young student’s home environment. 
This study found that home environment was less important than preschool 
interaction and focus on true early math comprehension. However, the literacy 
and numeracy of a young child’s environment at all times - both at school and at 
home - certainly cannot hurt while acting in support of the activities that occur at 
school (Björklund, van den Heuvel-Panhuizen, & Kullberg, 2020). 


The Research: How Math Education Affects Overall Academic Achievement


Recent research into the nature of math achievement has asked other questions 
surrounding competency and its correlations. For example: Can math achievement in the 
very young be a predictive marker for math success later in life? Similarly, can math 
achievement in the very young spread from math to success in other subjects or even 
other competencies, such as social or storytelling skills? 


The basis for understanding these connections requires an understanding that math is 
more than symbols and numbers; it represents a logical language and a framework for 
understanding problem-solving structures. When we think about it this way, it becomes 
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clear that understanding math may lead to an increased facility with understanding the 
way the world works - which might lead to an increased understanding both of other 
academic subjects as well as the best ways to go about daily life (Renaissance, 2018).


To probe this question, one researcher delved into the math scores and later educational 
careers of thousands of students across the nation. The numbers he saw as an output of 
this study yielded interesting results (Renaissance, 2018). 


• A student’s levels of math achievement were alone able to explain a 30-60% 
variance in the chance that that child was ready for college. This researcher did 
not propose that math competency was the only factor that influenced a child’s 
readiness for college, but did claim that it seemed to be one of the more 
important factors (Renaissance, 2018). 


• As a result of this strong correlation, this researcher claimed that he could look at 
students' levels of math achievement when they were in pre-K, and have a 
relatively good chance of correctly predicting their eventual enrollment at a two 
to a four-year college (and even later matriculation in higher degree programs). 
While this theory might sound outlandish, out of the sample size he studied he 
was able to present many accurate predictions - leading the researcher to sum up 
his findings: “school math achievement is a good predictor of whether students in 
P–12 education stay on track toward two-year or four-year college education” 
(Renaissance, 2018).


This conclusion has not been replicated by any other study, and the specific link between 
pre-K math studies and graduate work seems tenuous at best. But it is clear that the link 
between student success and math achievement is present—and, likely a very strong 
one (Renaissance, 2018). 


This left researchers with another question: If math is critical for successful student 
outcomes, what are the math milestones required to help children succeed? 


Let’s look at a brief overview of the mathematics content that researchers are 
concluding is most essential for students of various ages in K-12 programs. We’ll focus 
mostly on the early and elementary grades in this short section, but mentioning the 
eventual areas of focus to be prioritized in later grades can give a good perspective for 
early grade teachers (Renaissance, 2018). 


• Elementary school math: The essential types of math knowledge for elementary-
aged students seem to be whole-number division and the concept of fractions. 
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One study reached this conclusion by looking at the math scores of thousands of 
children across the United States and the United Kingdom. The goal was to 
identify the math subjects that best correlated with or even predicted long-term 
learning outcomes. These two key concepts - fractions and division - strongly 
correlated with overall student achievement. In fact, the study also found that 
familiarity and mastery of division and fraction concepts were more strongly 
correlated to later math achievement than family income. Family income levels 
are very indicative of student achievement levels—so, if this finding is accurate, it 
could represent an interesting way to prioritize leveling of the school’s academic 
playing field. This also, the study noted, does not mean that students should not 
also prioritize learning other mathematical operations, such as subtraction and 
addition. The study also found that there was not a correlation between fraction 
and division mastery and other non-math skills such as reading comprehension 
(Renaissance, 2018). 


• Middle school math: The researchers wondered that if the relationship between 
elementary school math and later high school math achievement levels were so 
pronounced, what would middle school math predict - or exhibit a strong 
correlation with? One study into this very question found that if a student failed a 
math course in sixth grade, there was only a 13% chance that they later 
graduated on time. (There was a 6% chance of graduating late and an 81% chance 
of failure to graduate at all.) From this, it becomes clear that, at the very least, 
there is some link between math comprehension or math-related success and the 
motivation or likeliness of making towards a high school diploma. The study also 
found that success or failure in that hypothetical sixth-grade math class was more 
strongly linked to high school graduation than a student’s race or their verbal 
competency (Renaissance, 2018). 


• High school math: We can trace the ongoing predictive power of math 
competency through high school. In high school, as it turns out,  students' math 
performance could end up affecting their professional and career goals - as well 
as the rest of their lives. Researchers found that there was a relationship between 
the achievement of high schoolers in fields of mathematical study. Those ninth-
graders who attained a score of 75% or higher in math courses tended to have 
higher career goals. Their lower-scoring counterparts started out with lower 
career aspirations and also tended to see those aspirations decline as they went 
through high school. The high-achieving student population also experienced a 
decline in their aspirations, but because they started at a higher point, they 
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ended with career goals that were far higher than their peers who didn’t do so 
well with high school math. The authors of this study suggested that math 
achievement in early high school could be seen as a critical filter for student 
career goals - and low math achievement tended to steer students away from 
hoping for careers in health, social sciences, or commerce fields (Renaissance, 
2018). 


The researchers noted that the predictive domino effect of math achievement did not 
appear to dissipate as time went on, following students even through college graduation 
and secondary degrees (Renaissance, 2018). 


It doesn’t appear to be exaggerating much to say that prioritizing early numeracy seems 
to set students up well for life - and failing to follow through on that early math 
development can hinder a child’s (easier) path to success (Renaissance, 2018). 


Unfortunately, it also seems that we as a society aren’t doing too well to hit even the 
most universal benchmarks of mathematical competency for our young people. If we 
look at the rates of students that achieve competency according to state standards of 
math proficiency, the data quickly tells a bleak story. Only “40% of fourth-grade 
students, 33% of eighth-grade students, and 25% of twelfth-grade students scored 
proficient or above on the 2015 NAEP math assessment” (Renaissance, 2018). 


Of course - if we remember to look at this situation with a growth mindset, instead of a 
fixed one - just because a student is trailing in math one year doesn’t mean that that 
student is doomed to a life of lower achievement. If students struggle with math (or if 
they’re a self-professed ‘not a math person’), they can still move toward an echelon 
associated with higher success, one incremental math skill at a time. The same study 
also offered hope to struggling students: One researcher analyzed students in grades 
three through eight who initially struggled with math before joining a research-based 
remedial math program. Some 42% of the students were able to master math concepts 
and achieve college readiness (Renaissance, 2018). 


The Research: Approaches to Early Childhood Math Education


The latest research can also give us an idea of the most strategic and effective methods 
to pursue success for children in early math education. 


Research-based teaching strategies to help children want to learn more about math 
actually incorporate simple recommendations. Children are practical people. If we take 
steps to make math useful, understandable, and beautiful, they’ll naturally be interested 
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in learning more. Let’s discuss those three aims and how one might incorporate them in 
the modern classroom. 


Making Math Understandable 


When researchers and educators polled a large number of early-grade students, they 
found something surprising: Apparently, young students often feel like math is out to 
trick them (Barkat, 2017). 


Think about it: Learning the language of math, getting to a point where the different 
symbols that make up most math equations and problems, is very literally like learning a 
new language - but one with puzzles and problems organically built into its structure. 
This makes learning symbolic math one of the most difficult tasks that a student will 
undertake. When students first start to grapple with symbolic math, they’re building and 
strengthening many different pathways in their brains - distinct pathways that will have 
to fire in parallel instantaneously and subconsciously in order to make math easy. This 
does not happen overnight. While we are born with a natural inclination towards 
numeracy, learning how to communicate via symbolic math is a monumental task 
(Barkat, 2017). 


Even though - as some might say - we’re wired for math, it’s tricky to take the innate 
awareness of numerical concepts that we have and marry that to a seemingly-abstract 
system of symbols and operations. Making that leap requires a great deal of help, and 
sometimes it’s simply not presented in the most natural way (Barkat, 2017). 


One way to take advantage of the brain’s natural architecture is to approach the earliest 
of math education from a visual-spatial lens. Young children love to complete visual-
spatial tasks. If you have an entire classroom of children who need to learn math, 
assigning them a series of visual-spatial math achievement tasks is a good way to go. The 
children will see these tasks as fun, and unconsciously practice math comprehension in a 
tangible, memorable way that they can build on later with more didactic work (Barkat, 
2017). 


To help choose activities that make math understandable, choose ones that emphasize 
the following math comprehension subjects: 


• Games that help children develop an accessible version of a mental number line


• Games that have children mentally manipulate objects in space (e.g., asking 
children to rotate cubes to use an image on a specific side) 
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• Games that ask children to manipulate spatial relationships with each other 


• Activities that capitalize on geometrical relationships


Simple games like hopscotch, blocks, activities like quilting or origami, or other similar 
undertakings can easily be given a math bent for classroom success (Barkat, 2017). 


Those activities can help with the visual-spatial understanding of mathematics. How are 
we to help a child integrate the more symbolic side of math comprehension? Learning 
the logic and the language of math relies on phonological awareness and other brain 
functions that are developed through early literacy. Building the bridge between what a 
child has already learned about literacy and the visual-spatial mathematical awareness 
that a child is learning can be difficult. The sweet spot tends to lie in the prioritization of 
verbal math activities, particularly activities that also incorporate a child’s sense of 
visual-spatial math (Barkat, 2017).


Examples of such activities include: 


● Counting everything in sight, including familiar areas and objects like one’s own 
body parts or types of objects in the surrounding classroom


● Counting the duration of seconds while performing stretches or physical tasks


Making Math Useful


As noted above, children are practical people. They enjoy the things in their life that feel 
useful and purposeful. In order to help children be excited about learning math, they 
need to know that it serves a practical purpose in their lives (Barkat, 2017). 


As symbolic math can feel quite abstract, children can feel like it’s not purposeful. As a 
teacher, one of your jobs is to change that. Activities that can make the use of 
mathematics very relevant to young children include: 


● Tracking relevant and interesting data, such as the height of students in the 
classroom, as they change over time


● Making math competitive—assigning young children the task of keeping score, 
which necessarily includes adding, counting, and subtracting
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Making Math Beautiful


Research is showing us that beauty has a singular effect on learning. It produces 
pleasure. It attracts. It provokes interest. 


If perhaps, the average person were asked how beautiful symbolic math is, the response 
would likely be in the negative. Learning math requires effort. It can be difficult. It is not 
a process that is necessarily associated with beauty (Barkat, 2017). 


Making math beautiful can help attract the innate design-consciousness of young 
children’s brains. Using activities like origami, early drawing prompts, and the like to help 
children learn about the beauty of symmetry and specific shapes and angles; teaching 
children about dancing to help them learn about visual-spatial relationships between 
dance partners and body parts; even using beautifully-illustrated stories featuring 
mathematical concepts to associate a visual with the math topic in children’s brains—
these are all ways that we can work to make math more innately interesting and 
attractive (Barkat, 2017). 


Ultimately, our way forward is simple: If we find ways to make math more beautiful, 
useful, and understandable at the very beginning, we’ll have a much better chance at 
igniting that all-important inner motivation that will prime a young child for success 
from the early years (Barkat, 2017).  


Section 2: Summary


Modern research is yielding interesting results about one of America’s most-disliked 
subjects. As it turns out, our brains might be, to some extent, wired for math—which 
makes our job as teachers less about imparting brand-new information and more about 
nurturing the seeds of comprehension that might already be there.


However, we need to teach in ways that are effective for students, and in ways that 
prioritize math subjects that will have the most exponential learning effects for students. 
Rote memorization may not be the best method to achieve these ends. 


To discuss further what might be better options, we’ll turn to the third section. 
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Section 3: Practical Strategies for Building Math Skills 

Now that we’ve discussed the importance of early numeracy as well as the current 
research underlying how children learn mathematical concepts, it’s time to get practical. 
In a classroom setting, what are the best ways to help a student learn mathematics? 


Let’s start with a prescient question. 


What are signs that a child is struggling with math? 


In order to best help a child that is struggling, we need to be aware that that’s the case. 
After all, we can only provide targeted interventions if we are aware that they’re 
needed. 


To that end, here is a list of several observable signs that we can use to tell whether a 
student is struggling with efficient and effective mathematics comprehension (Nisbet, 
2019). 


• Expressing comments that are negative about math. If they say things like ‘I’m 
not good at this,’ or ‘I hate this,’ then that’s a pretty clear early sign that they are 
struggling. If they go out of their way to avoid math, that can also be telling.


• Exhibiting signs of math anxiety. Math anxiety is a very real affliction. If a child 
displays marked anxiety while being asked to demonstrate math skills, they are 
likely not confident in their math comprehension. 


• Demonstrating difficulty connecting math relationships. Much of mathematics 
relies upon understanding basic numerical relationships—for example, the 
inverse relationship between addition and subtraction. If a child has difficulty 
making these connections, it’s time to intervene. 


• Difficulty managing time well. Time management is one of the practical ways 
that a person demonstrates knowledge of temporal mathematics. If a child 
doesn’t quite show the ability to adhere to a schedule or read a clock with ease, 
that’s worth remembering. 


• Confusion when extrapolating math to practical problems. If a child completes 
problem sets easily but flails when met with a real-world issue (such as the 
number of days left until their birthday, or the change required when purchasing 
something), that could be a sign that they’re very good at test-taking or rote 
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memorization—but not yet skilled at practical, real comprehension of 
mathematical subjects. 


• Exhibiting a lack of progress towards mathematics milestones. When children 
fail to meet the same milestones in early mathematics that their peers exhibit, a 
teacher should take note and intervene to provide support for those children so 
they don’t fall behind.


This last begs the question: What are practical mathematics milestones? What is the 
standard progress to which children (and their early-grade teachers) should aspire 
(Nisbet, 2019)? 


Fortunately, we do have some idea of the early math goals that we need to work toward. 
Examining the state standards and the topics that make their way onto grade-by-grade 
standardized examinations can give us an idea as to the progression that is expected of a 
young student. 


For a more general sense of ideal progression, we’ll look at the types of math skills that 
young learners should prioritize in those early grade years, as well as practical and fun 
instructional techniques that educators can use to teach them. 


What types of math skills are expected of young learners? 


For a more comprehensive listing of the skills that young learners should prioritize, it’s a 
good idea to consult state-by-state standards of early math goals. However, common 
expected skills for young students might include: 


• Being able to perform basic calculations—addition, subtraction, counting, 
multiplication, and division—with whole numbers


• Being able to estimate the result of those basic calculations mentally (thus 
showing a familiarity with the idea of practical manipulation of numbers, instead 
of simply an awareness of the methodology) 


• Being able to recognize patterns, complete them or fill in missing parts of those 
patterns, and extrapolate those patterns (demonstrating an awareness of the 
underlying relationships between parts of those patterns) 


• An awareness of basic decimals, fractions, rates, ratios, and percentages, and an 
ability to manipulate those entities with some level of success
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• A familiarity with measurements—volume, distance, height, etc.—as well as a 
practical understanding of using that data (e.g., in recipes, or in spatial activities 
such as dancing or origami) 


• A basic understanding of statistical information and an ability to interpret simple 
graphed or visually-presented data. 


As we touched on above, teaching these concepts can be much easier and more 
effective if we take steps toward making these concepts beautiful, useful, and 
understandable. In the next section, we’ll discuss practical ways to do that in your 
classroom. 


Helpful Strategies for Teaching Children Math


It’s easy to feel that being able to teach mathematics is a learned skill itself - or even a 
core competency that only some of the population naturally has. This is not the case. 
While it may be easier for some persons to grasp mathematical concepts, anyone can 
teach children how to learn these concepts well - as long as we follow specific, strategic, 
and time-tested strategies for passing on critical information in an effective way. 


Math is a crucial skill for children because, as we discussed above, it can help them 
better learn other subjects. It’s also a subject that’s very commonly emphasized in 
standardized testing: Your students’ math skills are often considered representative of 
their overall learning and achievement status. 


As this is the case, many teachers seek to give their students a boost by teaching to the 
test. This strategy often manifests itself in test prep materials, drilling worksheets, 
unwieldy sessions with flashcards, and other rote learning practices. While these 
strategies can be helpful to a certain extent, working on actually helping children 
internalize mathematical concepts will have a more long-ranging reward than simple 
memorization. 


There are teachers who have found ways to maximize their students’ test scores and 
provide sound, fun instruction at the same time. 


There has also been a lot of study into what makes a competent, effective, and 
compassionate numeracy educator. The following are attributes or characteristics of 
numeracy teachers who have the skills and qualifications to do well for their students: 


• Good numeracy teachers create active, collaborative learning environments. 
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• Good numeracy teachers model different numeracy strategies for their students 
as they figure out different ways to communicate and solve problems. 


• Good numeracy teachers motivate and nurture students through perceived 
difficulties learning or struggling with math. 


• Good numeracy teachers help their students accept responsibility for their own 
numeracy journeys—but provide empathetic support as the student does so. 


• Good numeracy teachers use classroom design and management to help children 
learn math subjects. 


• Good numeracy teachers utilize hands-on experiences, class discussions, and 
various types of content to help children learn in several varied ways (Kentucky 
DoE, 2020). 


Many of these skills, common to good numeracy teachers, can be learned or improved 
upon if needed. 


As it turns out, being a good numeracy teacher often comes down to being creative 
about your teaching tactics and being willing to vary your instruction from time to time. 
Here, we provide a list of strategies - some outside-of-the-box, others more foundational 
- that can help you and your students have a more effective and engaging experience as 
you work toward mathematics mastery.


1. Make sure that your students are aware that you have high expectations for 
each of them - regardless of their specific learning proclivities. Instead of allowing 
them to think that merely memorizing the multiplication table is their goal, work 
with them to soar higher. If any of your students assert that ‘they are not good at 
math,” challenge that. If you have students in your class who are of demographics 
often unfairly associated with poor math skills, make sure to acknowledge them 
when they succeed.  It’s very easy to think that one is bad at math - which 
necessarily builds a wall against further progress. Instead, help your students 
build a growth mindset regarding mathematics. Focus on helping them attain 
inspiration and motivation for the subject. One way you can do this is by having 
constantly high expectations of them, no matter what (Adams, 2020). 


2. If you don’t like math, find a way to forget that. A strong dislike for mathematical 
concepts, instruction, and homework sets is far from just a childhood concept. 
Adults also experience math anxiety. If you teach from that place of negativity, 
your students will be able to pick up on it. You need to make sure that you don’t 
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pass on any of your potentially negative or nerve-wracking experiences 
concerning math to your students. Aside from being careful about your own 
demeanor and language when you’re initially presenting a mathematical concept 
in class, you can also adopt a more positive attitude when you’re helping students 
one-on-one. For example, if a student is struggling over a mathematical concept 
or a homework question, it can be tempting to empathize with them or console 
them in a way that suggests that you get it - math is just tough. This doesn’t help 
a student build a growth mindset. Instead, focus on being positive and confident 
that your students can solve their problems, and help them with practical 
strategies that can help them overcome their issues (Adams, 2020)..


3. Be proactive regarding your teaching strategies. Look forward to the types of 
problems and concepts that students will have to be familiar with in order to end 
their upcoming tests, and find more relaxed or subtle ways to introduce crucial or 
complex topics. This will help your students familiarize themselves more naturally 
with mathematical concepts that could be completely overwhelming if only 
focussed-on in the last month of the year (Adams, 2020). 


4. Use testing and assessment strategically throughout the year. Generally, your 
students will only sit through a standardized exam once or twice a year. This is not 
enough feedback for you to fully understand how your students are doing. Even 
testing schedules based largely on more substantive midterm and finals 
structures don’t give you enough time to really assess whether a student needs 
more help. One good strategy is to plan out your year’s necessary or strategic 
exams to fit the criteria required by your school, and also to have a type of testing 
that is more seamless with your instruction style. (This will also help reduce the 
anxiety that your students have around testing because they’ll be familiar with 
your assessment style) (Adams, 2020). 


5. Make sure to modify your teaching structure based on what we learn. Often, 
we’re so focused on proctoring good exams and making sure that we give good 
feedback to our students that we forget that our teaching styles and even the 
modes in which we give exams themselves are flexible. If you learn that a 
majority of your students didn’t understand a concept the first time around or are 
struggling in a specific way, taking the time to modify the way you present 
subjects or going through a specific problem set can help an entire classroom of 
children work toward success. Always make sure that you ascertain how much 
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your students have understood and how much of the subject matter they have 
retained before working toward growth in that subject (Adams, 2020). 


6. Draw the lines between mathematics subjects and other subjects that your 
students might be learning. Your students are practical people. One of the 
reasons they may not like math, particularly as it moves to more niche subjects 
like basic algebra or geometry, is that they can struggle to connect it to practical 
uses in their everyday life. While geometry and algebra may be focuses for later 
grades, you can set younger children up now to believe that math is 
fundamentally practical. Discuss the financial transactions that are simulated in 
books; find ways to discuss the shapes presented in famous pieces of art. Ask 
your students what they want to do when they grow up, and find creative ways to 
show them that astronauts, race-car drivers, and famous actresses all need to 
know math fundamentals (even if it’s a stretch)! This will help your students 
understand why it’s important that they know their multiplication tables or other 
mathematical concepts that could, otherwise, seem irrelevant at best (Adams, 
2020). 


7. Offer your students the opportunity to choose their own learning tasks. 
Sometimes, all children need to feel is a little creativity or freedom with their own 
educational experiences. When it comes to more traditionally stressful subjects 
like mathematics, simply allowing your students to make choices that impact their 
own experience will work as a buy-in, making them feel like they have more 
control and ownership over the way they learn these subjects. Work to give your 
children two options for how they work to master a subject - or, to reduce work 
on your behalf, perhaps allow them to choose the order in which they tackle 
assignments or the manner in which they complete assignments. For example, a 
student could choose to complete a timed math challenge, quiz a friend on math 
topics, or give a small (minute-long) presentation on a math topic - all using a 
math assignment sheet that you give them. This also helps adapt one subject or 
assignment to multiple learning modalities without your having to cater multiple 
lesson plans to your student body (Adams, 2020). 


8. Encourage your students to talk about math. Without giving your students 
unintended space to air their grievances about mathematics, make it clear that 
your classroom is a space for communicating positively about mathematics and in 
language that incorporates mathematical concepts. Encourage your students to 
have conversations about the ways that they approached specific problems, or 
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have them describe the ways in which they conquered their math struggles. This 
will give you helpful information regarding what your students are thinking. It will 
also naturally help them incorporate math topics, instead of parroting things back 
at you without retention. This type of natural conversation around math will also 
help you discern which children understand mathematics concepts, and which 
students are simply memorizing the answers to common sums or question 
prompts (Adams, 2020). 


9. Play math games in your classroom. It sounds like a trite strategy, but simply 
showing your students that math can be practical as well as fun can go a very long 
way toward helping them embrace the subject. You need to help your students 
want to engage in the mathematical process. One way to invite participation 
without suffering is to start with math games. Math games can help meld a sense 
of mathematical fluency with your student’s sense of competition and strategic 
thinking. These types of games (we’ll provide a list in a later section!) can also 
promote class bonding over mathematical concepts in a non-stressful, positive 
manner (Adams, 2020).  


10. Try to garner as many opportunities for hands-on learning as is possible. As 
previously mentioned, children are inherently practical. Math can seem extremely 
abstract. Any strategy that you can use to make these concepts more concrete 
will help your students be more interested in learning. Use toys or blocks to help 
students visualize basic sums or other ways to manipulate groups of units; give 
them rulers and pieces of fruit or cereal boxes to give them a real idea of what 
they’re measuring when they find values for height, width, area, and 
circumference. If you give your students examples of why knowing this 
information might help them in a dream career or even at home, that will also 
appeal to your students’ practical side - for example, a cereal box with increased 
height and depth will probably have more cereal in it; help them see why this is 
the case (Adams, 2020). 


11. Target deep understanding, not rote answers to easy equations. While there is 
certainly a time and a place for memorizing procedures (carry the one!) for 
fundamental pieces of arithmetic or being able to recall a basic formula if you and 
your students target learning about math in this way you’ll both get overwhelmed 
very quickly. If this is your approach to math, you’ll find that there’s simply too 
much information involved! To combat this common approach, consider spending 
far more time on activities that foster understanding. Allow your students to 
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explore mathematical concepts; go through the reasons that different math 
procedures are completed in specific ways (e.g., the order of operations). Help 
your students understand the various strategic ways that they can solve 
problems, and from those strategies allow your students to realize what the 
common procedure or formula would be. This is a much stronger way for your 
students to make mental connections that support mathematical literacy, rather 
than giving them the formulae to memorize from the start (Adams, 2020). 


12. Consider using ultra-meaningful, real-life prompts when your students are 
learning math. We’ve all heard about the number of apples various farmers have 
before a subset of those apples are eaten by wayward farm animals. This might 
be cute, but it (likely) doesn’t speak to the majority of children’s lives - and 
therefore may not land in an effective way. If you’re teaching your students about 
the concept of area, talk about their dream homes (how large would they be?) or 
the size of your classroom and the layout of your school as practically as you can. 
This will help your kids directly understand the meaning behind your lessons. 
Another great idea? Pretend that you’re redecorating your classroom. How much 
wallpaper do you need? If you used a specific shape of tile, how many would you 
need? Peppering the conversation with both mathematical and other, more 
popularly ‘fun’ questions will keep your students interested and excited (Adams, 
2020). 


13. Allow your children to struggle. It may seem counter-intuitive, but experience 
with that feeling of frustration (and the subsequent empowerment of breaking 
through that frustration) is all-important when helping students build their own 
growth mindsets. When you give your students a problem to solve, let them 
figure out at least one way to solve it (if not multiple ways). It’s not your job - at 
least not initially - as a teacher to provide the correct answer; your job is to invite 
the child into the learning process. Asking your students follow-up questions to 
guide them to the correct process as they struggle is one such effective strategy; 
carefully exposing them to helpful resources is another. If you see yourself less as 
an instructor and more as a guide when it comes to grappling with mathematical 
subjects, it might help: After all, remember that your students don’t need to be 
told or to memorize that 2+2=4, rather they need to incorporate the basic 
concept of addition into their mind on an intuitive, subconscious level. You don’t 
do that; they do. It’s your job to help them master this ability (Adams, 2020).


29



14. Provide rewards and inject excitement into the learning process. If your students 
have never before experienced success while learning math - or if all they have 
experienced consists of mind-numbing problem sets and flashcards - it’s time to 
help them see that the world of mathematics can be an exciting one. If the 
subject matter itself doesn’t spark joy for your students, you can build just-
adjacent systems that do so, instead. Introduce a certificate, sticker, or point 
system around meeting mathematics milestones; recognize achievements that 
your students make - no matter how objectively small - in a purposefully 
celebratory way. This won’t take much effort on your part, but it will mean the 
world to a student who may need a little incentive to study their math texts 
(Adams, 2020).


15. Strategies that can Help Struggling Students With Math Skills. For generations, 
math has been a famously difficult subject. Legions of students have struggled 
with it. As teachers, we have to be careful to empathize with students who 
confuse mathematical concepts without further validating math’s label as 
intrinsically confusing. It’s a delicate balance that we need to work to achieve. If 
you have students in your class who struggle with math, consider implementing 
these basic, strategic methods in your classroom: 


16. Extremely Explicit Instruction. Much of the time, we work towards project-based 
and discovery-based learning objectives. For many subjects and for many 
students, these are very modern and very effective ways for young people to pick 
up new concepts in an intuitive way that gives them responsibility and ownership 
over their academics. For many, this is a great strategy. However, if your students 
are chronically struggling with really ‘getting’ a mathematical concept, this 
organic educational approach may not resonate well. In this case, it’s a good idea 
to step back and revert to slow, reasoned, step-by-step instruction. Students who 
are struggling should still be exposed to the same type of experiential learning 
techniques that they may be used to, but providing them with a little more 
framework and stability might be the best course of action (Todd, 2018). 


17. Provide Context for All Mathematical Concepts. Part of the reason why 
mathematics can be construed as confusing and frustrating is simple: Much of the 
time it’s extremely abstract. Without a concrete rationalization for why it’s useful 
- or, less pragmatically, without a way to ‘see’ it in their heads - many kids will 
struggle to grasp the more esoteric concepts within basic mathematical 
instruction. Students learn through many different modalities, after all; and 
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students who are naturally less text-based may not intuitively grasp the concept 
of multiplication or (later down the road) exponentials, geometric theorems, or 
algebraic variables when these topics are communicated verbally. Allowing your 
students who may struggle with math to experience activities that provide 
context for mathematical concepts can open the door to higher understanding in 
a way that works for them. Providing students with videos, hands-on activities, 
and pictures that represent mathematical concepts can go a long way. Another 
good method is to pair a struggling student with another who has been able to 
grasp the concept. Watching a peer go through the problem-solving process can 
help instill confidence in students. It can also help them understand the approach 
better when it’s worked out before them by a friend than when it’s simply 
depicted on a chalkboard. In either case, thinking outside of the box to give 
struggling students many different points of entry into a mathematical concept is 
a good way to see if a slight shift in educational strategy might work (Todd, 2018). 


18. Lean into Models and Creative, Non-Verbal Representations. This point is similar 
to the last - but for a different rationale. If you think about the ways that a 
student’s brain grabs on to literacy and numeracy concepts during early 
education, you’ll find that the slow ramp-up to mastery for both literacy and 
numeracy often follows a very similar trajectory. If students are struggling with 
math, they might also be struggling with reading, vocabulary, or comprehension. 
If so, giving them more verbal presentations, text materials, or word problems 
isn’t going to help. Rather, it’ll compound the issue and make it more attractive 
for the student to just write math off entirely. If you believe that your student 
might be having issues with both literacy and numeracy, your first step needs to 
be to alert your student’s parents and other teachers so the child’s entire care 
team can help provide interventions to help the child get back on track. In order 
for your student to grasp mathematical concepts without relying too much on 
verbal proficiencies, finding more visual methods of communicating concepts is 
key. For example, bar modeling representations can help children interpret word 
problems into visual media (Todd, 2018). 


19. Take Time to Review Basic Concepts as Well as Incremental Ones. This is a good 
strategy for your entire class, not just any children who may be having difficulty 
grasping tougher concepts. Set aside a small amount of time per day to review 
math activities focusing on concepts you’ve introduced in the past. For many 
students, this will be easy - which will help boost their confidence in mathematics 
as well as their speed in basic arithmetic. For others, it’ll be a necessary review of 

31



mathematical foundations. Math trivia games, quick flashcards, or even an exit 
question with a few quick problems on it would all do the trick—it’s more 
important to be small and consistent than incredibly creative with this particular 
educational strategy (Todd, 2018). 


20. Lean into mnemonics. There’s a reason that mathematical mnemonics have been 
popular for decades: they work. Giving your students tools to help them be where 
they need to be never goes out of style. One such strategy could be a simple 
mnemonic to help them remember the concept . Other strategies you can give 
your students include actions like helping them verbalize when they need 
assistance, directing them to out-of-class resources, assigning them to peers their 
age who can assist them, and giving their parents resources to assist with math 
skills at home (Todd, 2018). 


Above, we mentioned that parental support at home can be crucial for helping 
struggling students cement their math skills as they grow. However, parents may require 
nudges and resources from you in order to get started. Often, parents want to help their 
children, but don’t know how to do so in a way that is effective or that works with your 
specific teaching strategy. As you put together your curricula and lesson plans, consider 
incorporating specific ways to help your students’ parents with at-home support. The 
following list may provide ideas for you to use! 


• Give your parents ideas for activities that can help your students relate 
mathematical concepts to their daily life. For example: 


• When your students’ parents ask for assistance setting the table for dinner, 
they could simply talk about the number of bowls, forks, and spoons that 
they need. They could fold their napkins into different shapes and ask their 
child to identify them. 


• When going to the store, parents can enlist their children to help them pick 
out specific numbers of different types of groceries, ask for help navigating 
a recipe and selecting appropriate ingredients, or even helping count the 
change associated with small purchases at the store. 


• If parents are cooking at home with their children, the parents can ask for 
help measuring ingredients. 


• Parents can show their children a calendar, talk about the number of days 
in a week and in a month, and help their children put together a simple 
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countdown of days that remain before an event that the child is 
particularly excited about. 


• Parents can draw a map (to scale!) of their homes and help children 
determine which is the best emergency escape route (Bobowski, 2018). 


• Parents should be encouraged to check in on their child’s assignment lists on a 
daily basis. In order to help their children best, it’s a good starting point to be 
aware of what they’re studying and what they’re doing on a daily basis. 


• Schools can provide parents with a list of online games, phone apps, or types of 
computer software that the parents can encourage their child to use at home.


• Schools can help parents be aware of games that help teach math techniques at 
home, such as dice games, easy card games, or math brainteasers to discuss over 
dinner. 


• Parents can ask their children to count aloud by ones, fives, twos, or tens. To aid 
with familiarity in counting and basic computing, parents can ask children to 
count objects around the house, or ask simple verbal math calculations (such as 
following the number of cars ahead of them in a drive-through line, or the 
number of minutes left in a TV program). 


• Parents can help children build a basic awareness of spatial recognition, shapes, 
and foundations for geometry by pointing out examples of shapes and angles in 
the real world (for example, the right angles of books and pieces of paper, and the 
parallel lines of railroad tracks). Parents can use simple, readily-available items 
around their houses such as toothpicks and paper towel rolls to make simple 
shapes, and ask their children to help. 


• Parents can help children understand the concepts of measurement by using 
comparative descriptors in regular conversation (e.g., shorter, taller, more, less, 
same, about, heavier, lighter) and asking their children to assess various volumes 
and sizes as well. Parents can also ask their children to tell them the time, 
measure items around the house with a kid-friendly ruler, and familiarize 
themselves with an easy timer or stopwatch to assist with or measure the 
duration of various household tasks. 


• Parents can help introduce children to the basic concept of statistics and 
probability simply by asking questions regarding the number of blue candies 
they’re likely to find in a rainbow pack; what type of weather conditions are likely 
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to be present in the upcoming week; and whether a favorite sports team is likely 
to win. Then, if the child shows interest, a parent can continue this real-time 
education by graphing or keeping track of wins and losses, weather events, 
occurrences of colored candies, or any other recurring events to help the child 
see that it’s possible to map the probability of events over time (Bobowski, 2018).


Summary and Conclusion

Recent studies have shown us that early numeracy development is more important than 
we might have previously thought—and that much of modern numeracy teaching 
doesn’t kick in, in an effective way, until years after it’s too late to ensure mastery and 
success. With this in mind, teachers and parents alike can work to make sure that today’s 
children have the resources they need to get excited about learning math. 
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Levels of Evidence for Practice Guides

Institute of Education Sciences Levels of Evidence for Practice Guides

This section provides information about the role of evidence in Institute of Education Sciences’ 
(IES) What Works Clearinghouse (WWC) practice guides. It describes how practice guide panels 

determine the level of evidence for each recommendation and explains the criteria for each of the 
three levels of evidence (strong evidence, moderate evidence, and minimal evidence). 

The level of evidence assigned to each recom-
mendation in this practice guide represents the 
panel’s judgment of the quality of the existing 
research to support a claim that, when these 
practices were implemented in past research, 
positive effects were observed on student 
outcomes. After careful review of the studies 
supporting each recommendation, panelists  
determine the level of evidence for each recom-
mendation using the criteria in Table 1. The 
panel first considers the relevance of individ-
ual studies to the recommendation and then 
discusses the entire evidence base, taking the 
following into consideration:  

• the number of studies

• the design of the studies

• the quality of the studies

• whether the studies represent the range  
of participants and settings on which the 
recommendation is focused

• whether findings from the studies can be 
attributed to the recommended practice  

• whether findings in the studies are consis-
tently positive

A rating of strong evidence refers to consistent 
evidence that the recommended strategies, 
programs, or practices improve student 
outcomes for a wide population of students.1 
In other words, there is strong causal and 
generalizable evidence.

A rating of moderate evidence refers either to 
evidence from studies that allow strong causal 
conclusions but cannot be generalized with 
assurance to the population on which a recom-
mendation is focused (perhaps because the 
findings have not been widely replicated) or to 
evidence from studies that are generalizable 
but have some causal ambiguity. It also might 
be that the studies that exist do not specifi-
cally examine the outcomes of interest in the 
practice guide, although they may be related.

A rating of minimal evidence suggests that the 
panel cannot point to a body of research that 
demonstrates the practice’s positive effect on 
student achievement. In some cases, this simply 
means that the recommended practices would 
be difficult to study in a rigorous, experimental 
fashion;2 in other cases, it means that research-
ers have not yet studied this practice, or that 
there is weak or conflicting evidence of effec-
tiveness. A minimal evidence rating does not 
indicate that the recommendation is any less 
important than other recommendations with  
a strong evidence or moderate evidence rating.

In developing the levels of evidence, the panel 
considers each of the criteria in Table 1. The 
level of evidence rating is determined as the 
lowest rating achieved for any individual cri-
terion. Thus, for a recommendation to get a 
strong rating, the research must be rated as 
strong on each criterion. If at least one criterion 
receives a rating of moderate and none receive 
a rating of minimal, then the level of evidence 
is determined to be moderate. If one or more 
criteria receive a rating of minimal, then the 
level of evidence is determined to be minimal.
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Levels of Evidence for Practice Guides (continued)

Table 1. Institute of Education Sciences levels of evidence for practice guides

Criteria
STRONG  

Evidence Base
MODERATE  

Evidence Base
MINIMAL  

Evidence Base

Validity High internal validity (high-
quality causal designs). 
Studies must meet WWC 
standards with or without 
reservations.3 
AND 
High external validity  
(requires multiple studies  
with high-quality causal 
designs that represent the 
population on which the  
recommendation is focused). 
Studies must meet WWC 
standards with or without 
reservations.

High internal validity but  
moderate external validity  
(i.e., studies that support 
strong causal conclusions but 
generalization is uncertain).  
OR 
High external validity but 
moderate internal validity 
(i.e., studies that support the 
generality of a relation but 

4the causality is uncertain).

The research may include 
evidence from studies that 
do not meet the criteria  
for moderate or strong  
evidence (e.g., case studies, 
qualitative research).

Effects on  
relevant 
outcomes

Consistent positive effects 
without contradictory  
evidence (i.e., no statisti-
cally significant negative 
effects) in studies with high 
internal validity. 

A preponderance of evidence 
of positive effects. Contradic-
tory evidence (i.e., statisti-
cally significant negative 
effects) must be discussed 
by the panel and considered 
with regard to relevance to 
the scope of the guide and 
intensity of the recommenda-
tion as a component of the 
intervention evaluated.

There may be weak or  
contradictory evidence  
of effects.

Relevance to 
scope

Direct relevance to scope 
(i.e., ecological validity)—
relevant context (e.g., 
classroom vs. laboratory), 
sample (e.g., age and char-
acteristics), and outcomes 
evaluated.

Relevance to scope (ecologi-
cal validity) may vary, includ-
ing relevant context (e.g., 
classroom vs. laboratory), 
sample (e.g., age and char-
acteristics), and outcomes 
evaluated. At least some  
research is directly relevant 
to scope (but the research 
that is relevant to scope does 
not qualify as strong with  
respect to validity).

The research may be  
out of the scope of the 
practice guide.

Relationship  
between  
research and 
recommendations

Direct test of the recom-
mendation in the studies  
or the recommendation  
is a major component of  
the intervention tested in 
the studies.

Intensity of the recommen-
dation as a component of 
the interventions evaluated 
in the studies may vary.

Studies for which the  
intensity of the recommen-
dation as a component of 
the interventions evaluated 
in the studies is low; and/or 
the recommendation  
reflects expert opinion 
based on reasonable extrapo-
lations from research.

(continued)
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Levels of Evidence for Practice Guides (continued)

Table 1. Institute of Education Sciences levels of evidence for practice guides (continued)

Criteria
STRONG  

Evidence Base
MODERATE  

Evidence Base
MINIMAL  

Evidence Base

Panel confidence Panel has a high degree of 
confidence that this practice 
is effective.

The panel determines that 
the research does not rise 
to the level of strong but 
is more compelling than a 
minimal level of evidence.

Panel may not be confident 
about whether the research 
has effectively controlled 
for other explanations or 
whether the practice would 
be effective in most or all 
contexts.

In the panel’s opinion, the 
recommendation must be 
addressed as part of the 
practice guide; however, the 
panel cannot point to a body 
of research that rises to the 
level of moderate or strong.

Role of expert 
opinion

Not applicable Not applicable Expert opinion based on  
defensible interpretations  
of theory (theories). (In some 
cases, this simply means 
that the recommended 
practices would be diffi-
cult to study in a rigorous, 
experimental fashion; in 
other cases, it means that 
researchers have not yet 
studied this practice.)

When assess-
ment is the 
focus of the 
recommendation 

For assessments, meets the 
standards of The Standards 
for Educational and Psycho-
logical Testing.5

For assessments, evidence 
of reliability that meets The 
Standards for Educational 
and Psychological Testing 
but with evidence of valid-
ity from samples not ad-
equately representative of 
the population on which the 
recommendation is focused.

Not applicable

The panel relied on WWC evidence standards to assess the quality of evidence supporting educational 
programs and practices. WWC evaluates evidence for the causal validity of instructional programs 
and practices according to WWC standards. Information about these standards is available at  
http://ies.ed.gov/ncee/wwc/DocumentSum.aspx?sid=19. Eligible studies that meet WWC evidence 
standards or meet evidence standards with reservations are indicated by bold text in the endnotes 
and references pages.
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Introduction

Introduction to the Improving Mathematical Problem Solving  
in Grades 4 Through 8 Practice Guide 

This section outlines the importance of improving mathematical problem solving for students 
in grades 4 through 8 and explains key parameters considered by the panel in developing the 

practice guide. It also summarizes the recommendations for readers and concludes with a discus-
sion of the research supporting the practice guide. 

The goal of this practice guide is to give 
teachers and administrators recommendations 
for improving mathematical problem-solving 
skills, regardless of which curriculum is used. 
The guide offers five recommendations that 
provide teachers with a coherent approach 
for regularly incorporating problem solving 
into their classroom instruction to achieve this 
end. It presents evidence-based suggestions 
for putting each recommendation into practice 
and describes roadblocks that may be encoun-
tered, as well as possible solutions.

Scope of the practice guide

Audience and grade level. The need for 
effective problem-solving instruction is par-
ticularly critical in grades 4 through 8, when 
the mathematics concepts taught become 
more complicated and when various forms 
of assessments—from class tests to state and 
national assessments—begin incorporating 
problem-solving activities. In this guide, the 
panel provides teachers with five recom-
mendations for instructional practices that 
improve students’ problem-solving ability. 
Math coaches and other administrators also 
may find this guide helpful as they prepare 
teachers to use these practices in their class-
rooms. Curriculum developers may find the 
guide useful in making design decisions, and 
researchers may find opportunities to extend 
or explore variations in the evidence base.

Content. The literature reviewed for this 
guide was restricted to mathematical prob-
lem-solving topics typically taught in grades 
4 through 8. The panelists reviewed a num-
ber of definitions of problem solving as part 
of the process of creating this guide, but a 
single, prevalent definition of problem solving 
was not identified. This is understandable, 

Students who develop proficiency in mathemat-
ical problem solving early are better prepared 
for advanced mathematics and other complex 
problem-solving tasks.6 Unfortunately, when 
compared with students in other countries, 
students in the U.S. are less prepared to solve 
mathematical problems.7 For example, recent 
Trends in International Mathematics and Sci-
ence Study (TIMSS) data suggest that, when 
compared to other industrialized countries 
such as the Netherlands, China, and Latvia, U.S. 
4th-graders rank tenth and 8th-graders rank 
seventh out of 41 countries in problem solving.8 

Problem solving involves reasoning and analy-
sis, argument construction, and the develop-
ment of innovative strategies. These abilities 
are used not only in advanced mathematics 
topics—such as algebra, geometry and calcu-
lus—but also throughout the entire mathemat-
ics curriculum beginning in kindergarten, as 
well as in subjects such as science. Moreover, 
these skills have a direct impact on students’ 
achievement scores, as many state and 
national standardized assessments and college 
entrance exams include problem solving.9 

Traditional textbooks10 often do not provide 
students rich experiences in problem solv-
ing.11 Textbooks are dominated by sets of 
problems that are not cognitively demanding, 
particularly when assigned as independent 
seatwork or homework, and teachers often 
review the answers quickly without discuss-
ing what strategies students used to solve 
the problems or whether the solutions can 
be justified.12 The lack of guidance in text-
books is not surprising, given that state and 
district standards are often less clear in their 
guidelines for process skills, such as problem 
solving, than they are in their wording of 
grade-level content standards.13
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Introduction (continued)

given the different contexts in which the 
term problem solving is used in mathematics. 
Some definitions are exceedingly broad and 
applied to a general level of problem solving 
that goes beyond mathematics into everyday 
human affairs. For example, problem solving  
is often defined as the “movement from a 
given state to a goal state with no obvious 
way or method for getting from one to the 
other.”14 This kind of definition underscores 
the non-routine nature of problem solving 
and the fact that it is not the execution of 
memorized rules or shortcuts, such as using 
key words, to solve math word problems.

More contemporary definitions of problem 
solving focus on communication, reasoning, and 
multiple solutions. In addition to the non-routine 
nature of the process, this kind of mathematical 
problem solving is portrayed as the opportunity 
to engage in mathematics and derive a reason-
able way or ways to solve the problem.15 In light 
of the long-standing historical variations and 
disputes over definitions of problem solving, the 
panel ultimately decided that it was not in their 
purview to resolve this issue. The panel defined 
the characteristics of problem solving that 
applied to this guide as follows: 

• First, students can learn mathematical 
problem solving; it is neither an innate tal-
ent nor happenstance that creates skilled 
problem solvers. 

• Second, mathematical problem solving is 
relative to the individual. What is challeng-
ing or non-routine for one student may be 
comparatively straightforward for a more 
advanced student. 

• Third, mathematical problem solving need 
not be treated like just another topic in the 
pacing guide; instead, it can serve to sup-
port and enrich the learning of mathemat-
ics concepts and notation.

• Fourth, often more than one strategy 
can be used to solve a problem. Learning 
multiple strategies may help students see 
different ideas and approaches for solving 
problems and may enable students to think 

more flexibly when presented with a prob-
lem that does not have an obvious solution.

Problem solving includes more than work-
ing word problems. While word problems 
have been the mainstay of mathematics 
textbooks for decades, they are only one 
type of math problem. Other types of math 
problems appropriate to grades 4 through 
8, such as algebraic and visual-spatial prob-
lems (e.g., “How many squares are there on a 
checkerboard?”), are addressed in this guide. 
The panel excluded whole number addition 
and subtraction, which are typically taught 
in kindergarten through grade 3, as well as 
advanced algebra and advanced geometry, 
which are typically taught in high school. 

When developing recommendations, the panel 
incorporated several effective instructional 
practices, including explicit teacher modeling 
and instruction, guided questions, and efforts 
to engage students in conversations about 
their thinking and problem solving. The panel 
believes it is important to include the variety 
of ways problem solving can be taught. 

There are several limitations to the scope of this 
guide. The literature reviewed for this guide was 
limited to studies pertaining to mathematical 
problem solving; therefore, it did not include 
cognitive or psychological dimensions of 
problem solving that fell outside of this topic 
area.16 While the panel considered studies that 
included students with disabilities and students 
who were learning English, this guide does not 
address specific instructional practices for these 
groups. Instead, this guide is intended for use by 
all teachers, including general education, special 
education teachers, and teachers of English 
learners, of mathematics in grades 4 through 8.

Summary of the recommendations

The five recommendations in this guide can 
be used independently or in combination 
to help teachers engage students in prob-
lem solving on a regular basis. To facilitate 
using the recommendations in combination, 
the panel provided a discussion of how the 



( 8 )

Introduction (continued)

recommendations can be combined in the 
lesson-planning process. This discussion is pre-
sented in the conclusion section of the guide.

Recommendation 1 explains how teachers 
should incorporate problem-solving activities 
into daily instruction, instead of saving them for 
independent seatwork or homework. The panel 
stresses that teachers must consider their unit 
goals and their students’ background and inter-
ests when preparing problem-solving lessons. 

Recommendation 2 underscores the impor-
tance of thinking through or reflecting on the 
problem-solving process. Thinking through 
the answers to questions such as “What is 
the question asking me to do?” and “Why did 
these steps in solving the problem work or 
not work?” will help students master multi-
step or complex problems. 

Recommendations 3, 4, and 5 focus on specific 
ways to teach problem solving.

Recommendation 3 covers instruction in 
visual representations, such as tables, graphs, 
and diagrams. Well-chosen visual representa-
tions help students focus on what is central 
to many mathematical problems: the relation-
ship between quantities. 

Recommendation 4 encourages teachers 
to teach multiple strategies that can be used 
to solve a problem. Sharing, comparing, and 
discussing strategies afford students the 
opportunity to communicate their thinking 
and, by listening to others, become increas-
ingly flexible in the way they approach and 
solve problems. Too often students become 
wedded to just one approach and then floun-
der when it does not work on a different or 
more challenging problem.

Recommendation 5 encourages teachers to 
help students recognize and articulate math-
ematical concepts and notation during problem-
solving activities. The key here is for teachers 
to remember that students’ problem solving will 
improve when students understand the formal 
mathematics at the heart of each problem.

Of the five recommendations the panel shares 
in this guide, the panel chose to present the 
recommendation (Recommendation 1) that 
provides guidance for preparing problem-
solving activities first. Even though the level 
of evidence supporting this recommendation 
is not strong, the panel believes teachers 
should plan before undertaking these activi-
ties. The first two recommendations can be 
used regularly when preparing and imple-
menting problem-solving lessons; in contrast, 
the panel does not think recommendations 
3 through 5 must be used in every lesson. 
Instead, teachers should choose the recom-
mendations that align best with their goals for 
a given lesson and its problems. For example, 
there are occasions when visual representa-
tions are not used as part of problem-solving 
instruction, such as when students solve an 
equation by considering which values of the 
variable will make both sides equal. 

Use of research

The evidence used to create and support 
the recommendations in this practice guide 
ranges from rigorous experimental studies to 
expert reviews of practices and strategies in 
mathematics education; however, the evidence 
ratings are based solely on high-quality group-
design studies (randomized controlled trials 
and rigorous quasi-experimental designs) that 
meet What Works Clearinghouse (WWC) stan-
dards. Single-case design studies that meet 
WWC pilot standards for well-designed single-
case design research are also described, but 
do not affect the level of evidence rating. The 
panel paid particular attention to a set of high-
quality experimental and quasi-experimental 
studies that meets the WWC criteria, including 
both national and international studies of strat-
egies for teaching problem solving to students 
in grades 4 through 8.17 This body of research 
included strategies and curricular materials 
developed by researchers or ones commonly 
being used by teachers in classrooms. The 
panel also considered studies recommended 
by panel members that included students in 
grades 3 and 9. 
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Studies of problem-solving interventions in 
the past 20 years have yielded few causal 
evaluations of the effectiveness of the variety 
of approaches used in the field. For example, 
as much as the panel believes that teaching 
students to persist in solving challenging 
problems is important to solving math prob-
lems, it could not find causal research that 
isolated the impact of persistence. The panel 
also wanted to include studies of teachers  
using their students’ culture to enhance 
problem-solving instruction; however, panel-
ists could not find enough research that met 
WWC standards and isolated this practice. 
The panel was able to include suggestions for 
teaching the language of mathematics and for 
adapting problems so that contexts are more 
relevant to students—but these suggestions 
are supported by limited evidence.

The research base for this guide was identi-
fied through a comprehensive search for 
studies evaluating instructional practices for 
improving students’ mathematical problem 
solving. An initial search for literature related to 
problem-solving instruction in the past 20 years 
yielded more than 3,700 citations; the panel 
recommended an additional 69 citations. Peer 
reviewers suggested several additional studies. 
Of these studies, only 38 met the causal valid-
ity standards of the WWC and were related to 
the panel’s recommendations.18

The supporting research provides a strong 
level of evidence for two of the recommen-
dations, a moderate level of evidence for 
another two of the recommendations, and 
a minimal level of evidence for one recom-
mendation. Despite the varying levels of 
evidence, the panel believes all five recom-
mendations are important for promoting 
effective problem-solving skills in students. 
The panel further believes that even though 
the level of evidence for Recommendation 
1 is minimal, the practice holds promise for 
improving students’ mathematical problem 
solving. Very few studies examine the effects 
of teacher planning on student achievement; 
therefore, few studies are available to sup-
port this recommendation. Nonetheless, the 
panel believes that the practice of intention-
ally preparing problem-solving lessons can 
lead to improvement in students’ problem-
solving abilities. 

Table 2 shows each recommendation and 
the strength of the evidence that supports 
it as determined by the panel. Following the 
recommendations and suggestions for car-
rying out the recommendations, Appendix D 
presents more information on the research 
evidence that supports each recommenda-
tion. It also provides details on how studies 
were assessed as showing positive, negative, 
or no effects.

Levels of Evidence

Recommendation
Strong 

Evidence
Moderate  
Evidence

Minimal  
Evidence

1. Prepare problems and use them in whole-class instruction. �

2. Assist students in monitoring and reflecting on the problem-
solving process. �

3. Teach students how to use visual representations. �

4. Expose students to multiple problem-solving strategies. �

5. Help students recognize and articulate mathematical concepts 
and notation. �

Table 2. Recommendations and corresponding levels of evidence
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Recommendation 1

Prepare problems and use them in whole-class instruction.
A sustained focus on problem solving is often missing in mathematics instruction, in large part 
due to other curricular demands placed on teachers and students.19 Daily math instruction 
is usually limited to learning and practicing new skills, leaving problem-solving time to 
independent seatwork or homework assignments.20 The panel believes instruction in problem 
solving must be an integral part of each curricular unit, with time allocated for problem-
solving activities with the whole class. In this recommendation, the panel provides guidance for 
thoughtful preparation of problem-solving lessons. Teachers are encouraged to use a variety 
of problems intentionally and to ensure that students have the language and mathematical 
content knowledge necessary to solve the problems. 

Summary of evidence: Minimal Evidence

Few studies directly tested the suggestions 
of this recommendation, leading the panel 
to assign a level of evidence rating for this 
recommendation of “minimal evidence.” 
Although the panel believes teacher planning 
should incorporate both routine and non-
routine problems, no studies meeting WWC 
standards directly examined this issue. 

One study found that students performed 
better when teacher planning considered 
students’ mathematical content weaknesses 

and understanding of language and context.21 
However, this intervention included addi-
tional instructional components that may 
have caused the positive results. Similarly, 
while another study found that incorporating 
familiar contexts into instruction can improve 
problem-solving skills, the intervention 
included other instructional components that 
may have caused these positive results.22

On a related issue, a few well-designed studies 
did find that students who have practiced with 
word problems involving contexts (people, 
places, and things) they like and know do 
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Recommendation 1 (continued)

better on subsequent word-problem tests 
than do students who have practiced with 
generic contexts.23 These achievement gains 
occurred when computer programs were used 
to personalize problem contexts for individual 

Routine problems are not only the one- and 
two-step problems students have solved 
many times, but they can also be cognitively 
demanding multistep problems that require 
methods familiar to students. For example, 
see problem 3 in Example 1. The typical chal-
lenge of these problems is working through 
the multiple steps, rather than determining 
new ways to solve the problem. Thus, sixth- 
or seventh-grade students who have been 
taught the relevant geometry (e.g., types of 
triangles, area formulas for triangles) and 
basic features of coordinate graphs should be 
able to solve this problem by following a set 
of steps that may not differ significantly from 
what they may have already been shown or 
practiced. In this instance, it would be reason-
able for an average student to draw a line 
between (0,4) and (0,10), observe that the 
length of this distance is 6, and then use this 
information in the area formula A = ½ × b × h.  
If the student substitutes appropriately for 
the variables in the formula, the next set is to 
solve for the height: 12 = ½ × 6 × h. This step 
yields a height of 4, and a student could then 
answer the question with either (4,0) or (4,10). 
The routine nature of the problem solving 
is based on the fact that this problem may 
require little or no transfer from previously 
modeled or worked problems.

How to carry out the recommendation

1. Include both routine and non-routine problems in problem-solving activities.

Definitions of routine and non-routine  
problems

students or when contexts were based on the 
common preferences of student groups.24

The panel identified three suggestions for 
how to carry out this recommendation.

Routine problems can be solved using 
methods familiar to students25 by repli-
cating previously learned methods in a 
step-by-step fashion.26

Non-routine problems are problems for 
“which there is not a predictable, well-
rehearsed approach or pathway explicitly 
suggested by the task, task instructions, 
or a worked-out example.”27

Teachers must consider students’ previ-
ous experience with problem solving 
to determine which problems will be 
routine or non-routine for them. A seem-
ingly routine problem for older students 
or adults may present surprising chal-
lenges for younger students or those 
who struggle in mathematics.

Teachers should choose routine problems if 
their goal is to help students understand the 
meaning of an operation or mathematical  
idea. Collections of routine problems can  
help students understand what terms such as 
multiplication and place value mean, and how 
they are used in everyday life.28 For example,  
6 ÷ 2⁄3 may become more meaningful when 
incorporated into this word problem: “How 
many 2⁄3-foot long blocks of wood can a carpen-
ter cut from a 6-foot long board?” (See Example 
1 for additional sample routine problems.)
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When the primary goal of instruction is to 
develop students’ ability to think strategically, 
teachers should choose non-routine problems 
that force students to apply what they have 
learned in a new way.29 Example 2 provides 
samples of problems that are non-routine for 
most students. For students who have not had 
focused instruction on geometry problems like 
problem 1 in Example 2, the task presents a 
series of challenges. Much more time needs to 
be spent interpreting the problem and deter-
mining what information is relevant, as well as 
how it should be used. Time also needs to be 
spent determining or inferring if information not 
presented in the problem is relevant (e.g., what 
the measures of the supplementary angles are 
in the problem, how this information might be 
used to solve the problem). All of these features 
increase the cognitive demands associated 
with solving this problem and make it non-
routine. Finally, competent students who solve 
this problem would also spend additional time 
double-checking the correctness of the solution.

1. Carlos has a cake recipe that calls 
for 2¾  cups of flour. He wants to 
make the recipe 3 times. How much 
flour does he need? 

This problem is likely routine for a student 
who has studied and practiced multipli-
cation with mixed numbers.

2. Solve 2y + 15 = 29 

This problem is likely routine for a student 
who has studied and practiced solving  
linear equations with one variable.

3. Two vertices of a right triangle are 
located at (0,4) and (0,10). The area of 
the triangle is 12 square units. Find a 
point that works as the third vertex. 

This problem is likely routine for a student 
who has studied and practiced determin-
ing the area of triangles and graphing in 
coordinate planes.

1. Determine angle x without measur-
ing. Explain your reasoning.

parallel

155°

110°

x

This problem is likely non-routine for a 
student who has only studied simple ge-
ometry problems involving parallel lines 
and a transversal.

2. There are 20 people in a room. Ev-
erybody high-fives with everybody 
else. How many high-fives occurred? 

This problem is likely non-routine for 
students in beginning algebra.

3. Solve for the variables a through f in 
the equations below, using the digits 
from 0 through 5. Every digit should 
be used only once. A variable has the 
same value everywhere it occurs, and 
no other variable will have that value.

a + a + a = a2

b + c = b

d × e = d

a – e = b

b2 = d

d + e = f

The problem is likely non-routine for a 
student who has not solved equations by 
reasoning about which values can make 
an equation true. 

4. In a leap year, what day and time are  
exactly in the middle of the year?

This problem is likely non-routine for a 
student who has not studied problems in 
which quantities are subdivided into un-
equal groups.

Example 1. Sample routine problems Example 2. Sample non-routine problems
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depending on students’ backgrounds. 
Example 3 shows how one 5th-grade 
teacher identified vocabulary and contex-
tual terms that needed to be clarified for 
her students.

• Reword problems, drawing upon 
students’ experiences. Reword prob-
lems so they are familiar to students by 
drawing upon students’ personal, familial, 
and community experiences.36 Teachers 
can replace unfamiliar names, objects, and 
activities that appear in the problem with 
familiar ones, so as to create a problem-
solving context that is more aligned with 
students’ experiences. In this way, the 
problem becomes more culturally relevant 
and easier for students to respond to. For 
example, soccer may be more familiar to 
some students than hockey, apples more 
familiar than soybeans, and the guitar 
more familiar than the oboe. By reword-
ing a problem to meet the needs of their 
students, teachers may not only increase 
comprehension levels, but also motivate 
their students to become more involved 
in the problem-solving activity.37 Please 
note that teachers need not always reword 
the problems themselves. They can dis-
cuss with their students how to make the 
problems more familiar, interesting, and 
comprehensible. For instance, teachers can 
ask students questions such as “Can we 
change Ms. Inoye to the name of a person 
you know?” or “This problem says we have 
to measure the shag carpet in the living 
room. Can we use other words or just the 
word carpet in this problem to make it 
easier to understand?”

Given the diversity of students in today’s 
classrooms, the problems teachers select for 
lesson plans may include contexts or vocabu-
lary that are unfamiliar to some.30 These 
students may then have difficulty solving 
the problems for reasons unrelated to the 
students’ understanding of concepts or their 
ability to compute answers.31 This is a par-
ticularly significant issue for English language 
learners and for students with disabilities. 

The goal of ensuring that students under-
stand the language and context of problems 
is not to make problems less challenging. 
Instead, it is to allow students to focus on the 
mathematics in the problem, rather than on 
the need to learn new background knowledge 
or language. The overarching point is that 
students should understand the problem and 
its context before attempting to solve it.32

Here are some ways teachers can prepare les-
sons to ensure student understanding:

• Choose problems with familiar con-
texts. Students can often solve problems 
more successfully when they are familiar 
with the subject matter presented.33

• Clarify unfamiliar language and con-
texts. Identify the language and contexts 
that need to be clarified in order for 
students to understand the problem.34 
Teachers should think about students’ 
experiences as they make these deter-
minations. For example, an island in the 
kitchen, a yacht, the Iditarod dog sled race, 
a Laundromat, or sentence structures such 
as “if…, then…”35 might need clarification, 

2. Ensure that students will understand the problem by addressing issues students 
might encounter with the problem’s context or language.
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Example 3. One teacher’s efforts to clarify vocabulary and context

Mary, a 5th-grade teacher, identified the following vocabulary, contextual terms, and content for 
clarification, based on the background of her students.

Example Problem Vocabulary Context

In a factory, 54,650 parts were 
made. When they were tested,  
4% were found to be defective. 
How many parts were working?

Students need to understand  
the term defective as being the  
opposite of working and the  
symbol % as percent to cor-
rectly solve the problem.

What is a factory?

What does parts mean in this 
context?

At a used-car dealership, a car 
was priced at $7,000. The sales-
person then offered a discount 
of $350.  
What percent discount, applied 
to the original price, gives the  
offered price?

Students need to know what  
offered and original price mean  
to understand the goal of the 
problem, and they need to 
know what discount and per-
cent discount mean to under-
stand what mathematical op-
erators to use.

What is a used-car dealership?

Problem

Mathematical content needed for solution

Sarah Sanchez is planning 
to build a corral on her 
ranch for her two horses. 
She wants to build the 
corral in the shape of a 
rectangle. Here is a draw-
ing of one side of the cor-
ral, and as you can see, 
this side is 20 yards wide. 

It will take 480 yards of railing to build the corral based on Sarah’s plan.

1. What will be the perimeter of the corral?

2. What will be the area of the corral?

3. Can you show a way that Sarah can use the same amount of railing and build a 
corral with a bigger area for her horses?

• Addition, subtraction, multiplication and division.

• Opposite sides of rectangles are equal.

• The perimeter of a shape can stay the same, but its area can change.

10 feet

post

railing

20 yards (i.e., 60 feet)

Example 4. What mathematical content is needed to solve the problem?
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As teachers plan problem-solving instruction, 
they should identify the mathematical content 
needed to solve the included problems. It is 
important to remember that problems that 
align with the current unit often draw on 
skills taught in prior units or grade levels. In 
the problems listed in Example 3, students 
need to understand (1) what percent means 
(i.e., that 4% is 4 out of 100 or 4⁄100 or 0.04), 
and (2) how to calculate the value of a percent 
of a quantity or percent of a change. Strug-
gling students are likely to benefit from a 
quick review of the relevant skills needed to 
understand and solve the problem, especially 
if the mathematical content has not been 
discussed recently or if a non-routine problem 
is presented.38 A brief review of skills learned 
earlier also helps students see how this 
knowledge applies to challenging problems.39

For example, teachers may need to review 
the difference between fractions and ratios 
before students are asked to solve ratio and 
proportion problems. Similarly, before solving 

the fourth-grade problem shown in Example 
4, students should know and be able to apply 
several facts about area and perimeter.

Mathematical language in problems may also 
need to be reviewed with students. For exam-
ple, before presenting students with a problem 
such as the one in Example 5, a teacher might 
need to clarify the terms in the problem. 

3. Consider students’ knowledge of mathematical content when planning lessons.

Example 5. Mathematical language 
to review with students

Potential roadblocks and solutions

Roadblock 1.1. Teachers are having trouble 
finding problems for the problem-solving 
activities.

Suggested Approach. Textbooks usually 
include both routine and non-routine prob-
lems, but teachers often have a hard time 
finding non-routine problems that fit their 
lesson’s goals. In addition to the class text, 
teachers may need to use ancillary materi-
als, such as books on problem solving and 
handouts from professional-development 
activities. Teachers also can ask colleagues 
for additional problem-solving activities or 
work on teams with other teachers or with 
instructional leaders using lesson study to 
prepare materials for problem-solving instruc-
tion. Teachers also can search the Internet for 

examples. Helpful online resources include 
Illuminations from the National Council of 
Teachers of Mathematics, problems of the 
week from the Math Forum at Drexel Univer-
sity, and practice problems from high-quality 
standardized tests such as the state assess-
ments, the Trends in International Mathemat-
ics and Science Study (TIMSS), the Programme 
for International Student Assessment (PISA), 
and the Scholastic Assessment Test (SAT).40

Roadblock 1.2. Teachers have no time to  
add problem-solving activities to their math-
ematics instruction. 

Suggested Approach. The panel believes 
that including problem-solving activities 
throughout each unit is essential. To make 
time during instruction, teachers should 
consider balancing the number of problems 

Two vertices of a triangle are located at 
(0,4) and (0,10). The area of the triangle 
is 12 square units. What are all possible 
positions for the third vertex?

• vertices  • triangle

• area square units  • vertex

Problem

Mathematical language that needs  
to be reviewed 
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students are required to solve during seat-
work activities with worked examples stu-
dents can simply study. Worked examples 
could benefit student learning and decrease 
the time necessary to learn a new skill.41 For 
more information on how to use worked 
examples as a part of problem-solving 
instruction, see Recommendations 2 and 4 
of this practice guide or Recommendation 
2 of the Organizing Instruction and Study to 
Improve Student Learning practice guide.42 

Overview of Recommendation 2 in the 
Organizing Instruction and Study to 
Improve Student Learning practice guide43

1. Teachers should give students 
assignments that provide already 
worked solutions for students to 
study, interleaved with problems  
for them to solve on their own.

2. As students develop greater problem- 
solving abilities, teachers can reduce 
the number of worked problems they 
provide and increase the number of 
problems that students should solve 
independently.

Roadblock 1.3. Teachers are not sure which 
words to teach when teaching problem solving. 

Suggested Approach. The panel believes 
academic language, including the language 
used in mathematics, should be taught 
explicitly so that all students understand 
what is being asked in a problem and how 
the problem should be solved. Identifying the 
language used in a problem-solving task can 
guide lesson planning. Based on the scope 
and sequence of the curricular material, math 
coaches or specialists can provide a list of  
academic words and phrases (e.g., addition, 
not greater than)44 that are essential for 
teaching a given unit. The list can also focus 
on the language that will be necessary for 
students to know as they progress to the  
next grade level. Teachers can work with  
colleagues to solve problems and identify 
words students need to understand to solve 
the problem. They also can look for impor-
tant academic terms and vocabulary in the 
class textbook or the mathematics standards 
for the state. 
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Assist students in monitoring and reflecting on the 
problem-solving process.
Students learn mathematics and solve problems better when they monitor their thinking and 
problem-solving steps as they solve problems.45 Monitoring and reflecting during problem 
solving helps students think about what they are doing and why they are doing it, evaluate 
the steps they are taking to solve the problem, and connect new concepts to what they 
already know. The more students reflect on their problem-solving processes, the better their 
mathematical reasoning—and their ability to apply this reasoning to new situations—will be.46

In this recommendation, the panel suggests that teachers help students learn to monitor and 
reflect on their thought process when they solve math problems. While the ultimate goal is for 
students to monitor and reflect on their own while solving a problem, teachers may need to 
support students when a new activity or concept is introduced. For instance, a teacher may 
provide prompts and use them to model monitoring and reflecting as the teacher solves a 
problem aloud. In addition, a teacher can use what students say as a basis for helping the 
students improve their monitoring and reflecting. Teachers can use students’ ideas to help 
students understand the problem-solving process. 

Summary of evidence: Strong Evidence

Several studies with diverse student samples directly tested this recommendation and consistently 
found positive effects. As a result, the panel determined there was strong evidence to support  
this recommendation.47
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The relevant studies examined students’ 
mathematics achievement in different content 
areas, including numbers and operations, 
data analysis and probability, algebra, and 
geometry. Two studies found that provid-
ing students with a task list that identified 
specific steps to solving problems resulted 
in better student achievement.48 Two addi-
tional studies found that a self-questioning 
checklist improved achievement,49 and in one 
study, this effect persisted for at least four 

months after instruction ended;50 however, 
both studies included additional instructional 
components (visual aids and multiple-strategy 
instruction) that may have produced the posi-
tive results. Similarly, five studies found that 
student performance improved when teachers 
modeled a self-questioning process and then 
asked students to practice it.51

The panel identified three suggestions for 
how to carry out this recommendation.

How to carry out the recommendation

1. Provide students with a list of prompts to help them monitor and reflect during the 
problem-solving process.

The prompts that teachers provide can either 
be questions that students should ask and 
answer as they solve problems (see Example 6) 
or task lists that help students complete steps 
in the problem-solving process (see Example 
7).52 The questions teachers provide should 
require students to think through the problem-
solving process, similar to the way in which 
task lists guide students through the process. 
Select a reasonable number of prompts, rather 
than an exhaustive list, as too many prompts 
may slow down the problem-solving process 
or be ignored. Ensure that the prompts help 
students evaluate their work at each stage of 
the problem-solving process, from initially 
reading and understanding the problem, to 
determining a way to solve the problem, and 
then to evaluating the appropriateness of the 
solution given the facts in the problem.53

Encourage students to explain and justify their 
response to each prompt, either orally54 or in 
writing.55 Students can use the prompts when 
working independently, in small groups,56 or 
even when solving problems at a computer.57 
When working in small groups, students can 

take turns asking and answering questions 
or reading each action aloud and responding 
to it. As they share in small groups, students 
serve as models for others in their group, 
allowing all the students to learn from one 
another. Teachers may wish to post prompts 
on the board, include them on worksheets,58 
or list them on index cards for students.59

When students first use the prompts, they 
may need help. Teachers can participate in 
the questioning or refer to tasks in the task 
list when students work in small groups or 
during whole-group discussions. If, for exam-
ple, a student solves a problem incorrectly, 
ask him what questions he should have asked 
himself to help him reason out loud, rather 
than providing him with the correct answer.60 
Alternatively, provide the correct answer, but 
ask the student to explain why it is right and 
why his original answer is not.61 As students 
become more comfortable with their reason-
ing abilities and take greater responsibility 
for monitoring and reflecting during problem 
solving, teachers can gradually withdraw the 
amount of support they provide.62
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Model how to monitor and reflect while solv-
ing a problem using the prompts given to 
students.64 This can be done when introduc-
ing a problem-solving activity or a new con-
cept to the whole class or as students work 
independently or in small groups.65 Say aloud 
not only the response to each prompt, but 
also the reasons why each step was taken. 
Alternatively, say which step was taken, but 
ask students to explain why this would work. 
Make sure to use a prompt at each stage in 

the problem-solving process, for example, 
when first reading the problem, when 
attempting a strategy to solve the problem, 
and after solving the problem.

Example 8 describes one teacher’s experience 
with modeling how to monitor and reflect 
using questions. It illustrates the importance 
of persistence if the student fails to under-
stand the problem or the appropriate method 
to employ for solving it. 

Example 6. Sample question list Example 7. Sample task list63

• What is the story in this problem 
about?

• What is the problem asking?

• What do I know about the problem so 
far ? What information is given to me? 
How can this help me?

• Which information in the problem  
is relevant?

• In what way is this problem similar  
to problems I have previously solved?

• What are the various ways I might  
approach the problem?

• Is my approach working? If I am stuck, is 
there another way I can think about solv-
ing this problem?

• Does the solution make sense? How 
can  
I verify the solution? 

• Why did these steps work or not work?

• What would I do differently next time?

Note: These are examples of the kinds of ques-
tions that a teacher can use as prompts to 
help students monitor and reflect during the 
problem-solving process. Select those that are 
applicable for your students, or formulate new 
questions to help guide your students.

• Identify the givens and goals of  
the problem.

• Identify the problem type.

• Recall similar problems to help solve  
the current problem.

• Use a visual to represent and solve  
the problem.

• Solve the problem.

• Check the solution.

2. Model how to monitor and reflect on the problem-solving process.
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Example 8. One way to model monitoring and reflecting using questions

Last year was unusually dry in Colorado. Denver usually gets 60 inches of snow per year. Vail, 
which is up in the mountains, usually gets 350 inches of snow. Both places had 10 inches of 
snow less than the year before. Kara and Ramon live in Colorado and heard the weather re-
port. Kara thinks the decline for Denver and Vail is the same. Ramon thinks that when you 
compare the two cities, the decline is different. Explain how both people are correct.

TEACHER: First, I ask myself, “What is this story about, and what do I need to find 
out?” I see that the problem has given me the usual amount of snowfall and the change in 
snowfall for each place, and that it talks about a decline in both cities. I know what decline 
means: "a change that makes something less." Now I wonder how the decline in snowfall 
for Denver and Vail can be the same for Kara and different for Ramon. I know that a decline 
of 10 inches in both cities is the same, so I guess that’s what makes Kara correct. How is 
Ramon thinking about the problem?

I ask myself, “Have I ever seen a problem like this before?” As I think back to the  
assignments we had last week, I remember seeing a problem that asked us to calculate  
the discount on a $20 item that was on sale for $15. I remember we had to determine  
the percent change. This could be a similar kind of problem. This might be the way  
Ramon is thinking about the problem.

Before I go on, I ask myself, “What steps should I take to solve this problem?”  
It looks like I need to divide the change amount by the original amount to find the  
percent change in snowfall for both Denver and Vail.

Denver: 10 ÷ 60 = 0.166 or 16.67% or 17% when we round it to the nearest whole number

Vail: 10 ÷ 350 = 0.029 or 2.9% or 3% when we round it to the nearest whole number

So the percent decrease in snow for Denver was much greater (17%) than for Vail (3%).  
Now I see what Ramon is saying! It’s different because the percent decrease for Vail is  
much smaller than it is for Denver.

Finally, I ask myself, “Does this answer make sense when I reread the problem?” 
Kara’s answer makes sense because both cities did have a decline of 10 inches of snow. 
Ramon is also right because the percent decrease for Vail is much smaller than it is for 
Denver. Now, both of their answers make sense to me.

Problem

Solution
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students clarify and refine their thinking and 
to help them establish a method for monitor-
ing and reflecting that makes sense to them 
(see Example 9). This is helpful for students 
who dislike working with teacher-provided 
prompts or who are having difficulty under-
standing and using these prompts. 

The panel believes that, by building on 
students’ ideas, teachers can help students 
clarify and refine the way they monitor and 
reflect as they solve a problem. Teachers can 
help students verbalize other ways to think 
about the problem. The teacher-student dia-
logue can include guided questioning to help 

Example 9. Using student ideas to clarify and refine the monitoring and reflecting process

3. Use student thinking about a problem to develop students’ ability to monitor  
and reflect.

Find a set of five different numbers whose average is 15.

TEACHER: Jennie, what did you try?

STUDENT: I’m guessing and checking. I tried 6, 12, 16, 20, 25 and they didn’t work. The  
average is like 17.8 or something decimal like that.

TEACHER: That’s pretty close to 15, though. Why’d you try those numbers?

STUDENT: What do you mean?

TEACHER: I mean, where was the target, 15, in your planning? It seems like it was in your 
thinking somewhere. If I were choosing five numbers, I might go with 16, 17, 20, 25, 28.

STUDENT: But they wouldn’t work—you can tell right away.

TEACHER: How?

STUDENT: Because they are all bigger than 15.

TEACHER: So?

STUDENT: Well, then the average is going to be bigger than 15.

TEACHER: Okay. That’s what I meant when I asked “Where was 15 in your planning?”  
You knew they couldn’t all be bigger than 15. Or they couldn’t all be smaller either?

STUDENT: Right.

TEACHER: Okay, so keep the target, 15, in your planning. How do you think five numbers 
whose average is 15 relate to the number 15?

STUDENT: Well, some have to be bigger and some smaller. I guess that is why I tried the 
five numbers I did.

TEACHER: That’s what I guess, too. So, the next step is to think about how much bigger 
some have to be, and how much smaller the others have to be. Okay?

STUDENT: Yeah.

TEACHER: So, use that thinking to come up with five numbers that work.

Problem

Solution
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Roadblock 2.3. Students take too much  
time to monitor and reflect on the problem-
solving process.

Suggested Approach. It is likely that when 
students initially learn the tasks of monitoring 
and reflecting, they will be slow in using the 
prompts. However, after a bit of practice, they 
are likely to become more efficient at using 
the prompts.

Roadblock 2.4. When students reflect on 
problems they have already solved, they resort 
to using methods from those problems rather 
than adapting their efforts to the new problem 
before them.

Suggested Approach. While students 
should consider whether they have seen 
a similar problem before, sometimes they 
overdo it and simply solve the problem using 
similar methods, rather than using methods 
that will work for the problem they are solv-
ing. To help students overcome this, try ask-
ing them to explain why the solution method 
worked for the previous problem and what 
components of it may or may not be useful 
for the new problem.

Potential roadblocks and solutions

Roadblock 2.1. Students don’t want to  
monitor and reflect; they just want to solve  
the problem.

Suggested Approach. The panel believes 
that students need to develop the habit of 
monitoring and reflecting throughout the 
problem-solving process, from setting up the 
problem to evaluating whether their solution 
is accurate. Ideally, whenever students solve 
problems, they should practice monitor-
ing and reflecting on their problem-solving 
process. Acknowledge that simply solving 
a problem may seem easier, but encour-
age students to incorporate monitoring and 
reflecting into their process every time they 
solve a problem. Inform students that doing 
so will help them understand and solve 
problems better, as well as help them convey 
their strategies to classmates.66 Explain that 
expert problem solvers learn from unsuccess-
ful explorations and conjectures by reflecting 
on why they were unsuccessful.

Roadblock 2.2. Teachers are unclear  
on how to think aloud while solving a non-
routine problem. 

Suggested Approach. Prepare ahead of 
time using the list of prompts given to stu-
dents. Outline responses to the prompts in 
advance of the lesson. It might also help to 
anticipate how students would think about 
the prompts as they solved the problem. A 
colleague or math coach can help teachers 
think through the prompts and the problem-
solving process if they get stuck.
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Teach students how to use visual representations.
A major task for any student engaged in problem solving is to translate the quantitative 
information in a problem into a symbolic equation—an arithmetic/algebraic statement—
necessary for solving the problem. Visual representations help students solve problems by 
linking the relationships between quantities in the problem with the mathematical operations 
needed to solve the problem. Students who learn to visually represent the mathematical 
information in problems prior to writing an equation are more effective at problem solving.67

Visual representations include tables, graphs, number lines, and diagrams such as strip 
diagrams, percent bars, and schematic diagrams. Example 10 provides a brief explanation 
of how a few types of visual representations can be used to solve problems.68 In the 
panel’s opinion, teachers should consistently teach students to use a few types of visual 
representations rather than overwhelming them with many examples. In this recommendation, 
the panel offers suggestions for selecting appropriate visual representations to teach and 
methods for teaching students how to represent the problem using a visual representation.

Definitions of strip diagrams, percent bars, and schematic diagrams

Strip diagrams use rectangles to represent quantities presented in the problem.

Percent bars are strip diagrams in which each rectangle represents a part of 100 in the problem.

Schematic diagrams demonstrate the relative sizes and relationships between quantities  
in the problem.
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Example 10. Sample table, strip diagram, percent bar, and schematic diagram

Cheese costs $2.39 per pound. Find the cost of 0.75 pounds of cheese.69

Eva spent 2⁄5 of the money she had on a coat and then spent 1⁄3 of what was left on a
sweater. She had $150 remaining. How much did she start with?

This table depicts the relationship between the weight of cheese and its cost. Every pound 
of cheese will cost $2.39, and this relationship can be used to determine the cost of 0.75 
pounds of cheese by using the rule “times 2.39,” which can be stated in an equation as  
x = 0.75 × 2.39.

Problem

Problem

Sample table

Sample strip diagram

2/5 spent on a coat. 1/3 spent on a sweater. 

Total Budget
This strip diagram depicts the money Eva spent on a coat and a sweater. It shows how the 
amount of money she originally had is divided into 5 equal parts and that 2 of the 5 parts 
are unspent. The problem states that the unspent amount equals $150. Several strategies 
can then be employed to make use of this information in an equation, such as 2⁄5 × x = 150,
to determine the original amount.

(continued)

Cost of Cheese Pounds of Cheese

(a)
2.39 1

? 0.75

(b)
2.39 2.39 1

x 2.39 0.75
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Example 10. Sample table, strip diagram, percent bar, and schematic diagram (continued)

During a sale, prices were marked down by 20%. The sale price of an item was $84. What 
was the original price of the item before the discount?70

John recently participated in a 5-mile run. He usually runs 2 miles in 30 minutes. Because 
of an ankle injury, John had to take a 5-minute break after every mile. At each break he 
drank 4 ounces of water. How much time did it take him to complete the 5-mile run?

Problem

Problem

Sample percent bar 

Sample schematic diagram

Original Decrease Final Amount

100%
x

20%
y

80%
$84

These percent bars depict the relative values of the original, decrease, and final amounts 
as 100:20:80, which can be reduced to 5:1:4. The relationship between the original and 
final amount (5:4) can be used in an algebraic equation, such as x ⁄84 = 5⁄4, to determine 
the original amount when the final amount is $84. 

15 15 15 15 15
5 5 5 5

Start End

This schematic diagram depicts the amount of time John needed to run 5 miles when 
each mile took him 15 minutes to run and he took a 5-minute break after every mile.  
The total time (x) it took him to complete the run is equal to the total number of minutes 
in this diagram, or x = (5 × 15) + (4 × 5).
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Summary of evidence: Strong Evidence

The panel determined there is strong evidence 
supporting this recommendation because six 
studies with middle school student samples 
consistently found that using visual representa-
tions improved achievement.71 Both general 
education students and students with learning 
disabilities performed better when taught to 
use visual representations72 such as identifying 
and mapping relevant information onto sche-
matic diagrams.73

In four of the six studies, students were taught 
to differentiate between types of math prob-
lems and then to implement an appropriate 
diagram for the relevant type.74 An additional 
study involving an alternative problem-solving 
approach integrated with visual representa-
tions also resulted in higher achievement.75 
Finally, one study showed that if teachers help 
students design, develop, and improve their 
own visual representations, student achieve-
ment improves more than if students simply 
use teacher- or textbook-developed visuals.76

The panel identified three suggestions for 
how to carry out this recommendation.

How to carry out the recommendation

1. Select visual representations that are appropriate for students and the problems  
they are solving.  

2. Use think-alouds and discussions to teach students how to represent problems visually.

Sometimes curricular materials suggest using 
more than one visual representation for a 
particular type of problem. Teachers should 
not feel obligated to use all of these; instead, 
teachers should select the visual representation 
that will work best for students and should use 
it consistently for similar problems.77 

For example, suppose a teacher introduced a 
ratio or proportion problem using a diagram 
that students found helpful in arriving at the 
equation needed to solve the problem. The 
teacher should continue using this same dia-
gram when students work on additional ratio 
or proportion problems. Remember, students 
may need time to practice using visual repre-
sentations and may struggle before achieving 

success with them.78 If, after a reasonable 
amount of time and further instruction, the 
representation still is not working for indi-
vidual students or the whole class, consider 
teaching another type of visual representation 
to the students in the future. Teachers can 
also consult a mathematics coach, other math 
teachers, or practitioner publications to iden-
tify more appropriate visual representations. 

Also keep in mind that certain visual rep-
resentations are better suited for certain 
types of problems.79 For instance, schematic 
diagrams work well with ratio and propor-
tion problems, percent bars are appropriate 
for percent problems, and strip diagrams are 
suited for comparison and fraction problems.

When teaching a new visual representation or 
type of problem, demonstrate how to repre-
sent the problem using the representation. 
Teachers should think aloud about the deci-
sions they make as they connect the problem 
to the representation.80 Thinking aloud is 
more than just the teacher telling students 
what he or she is doing. It also involves the 
teacher expressing his or her thoughts as 

he or she approaches the problem, includ-
ing what decisions he or she is making and 
why he or she is making each decision (see 
Example 11). 

Teachers should explain how they identified 
the type of problem—such as proportion, 
ratio, or percent—based on mathematical 
ideas in the problem and why they think a 
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Demonstrate to students how to represent 
the information in a problem visually.83 
Teach students to identify what information 
is relevant or critical to solving the problem. 
Often, problems include information that is 
irrelevant or unnecessary. For instance, in 
Example 11, students need to determine how 
many red roses are in Monica’s bouquet. The 
number of pink roses in Bianca’s bouquet 
is irrelevant; students need only focus on 
Monica’s bouquet. 

certain visual representation is most appro-
priate. For example, proportion problems 
describe equality between two ratios or rates 
that allows students to think about how both 
are the same. Teachers should be careful not 
to focus on surface features such as story 
context.81 In Example 12, the story contexts 
are different, but the problem type is the 
same. Students who cannot articulate the 
type of problem may struggle to solve it, 
even if they have the basic math skills.82

Example 11. One way of thinking aloud84

Monica and Bianca went to a flower shop to buy some roses. Bianca bought a bouquet 
with 5 pink roses. Monica bought a bouquet with two dozen roses, some red and some 
yellow. She has 3 red roses in her bouquet for every 5 yellow roses. How many red roses 
are in Monica’s bouquet?

Problem

Solution

TEACHER: I know this is a ratio problem because two quantities are being compared: the 
number of red roses and the number of yellow roses. I also know the ratio of the two quan-
tities. There are 3 red roses for every 5 yellow roses. This tells me I can find more of each 
kind of rose by multiplying.

I reread the problem and determine that I need to solve the question posed in the last sen-
tence: “How many red roses are in Monica’s bouquet?” Because the question is about Monica, 
perhaps I don’t need the information about Bianca. The third sentence says there are two 
dozen red and yellow roses. I know that makes 24 red and yellow roses, but I still don’t know 
how many red roses there are. I know there are 3 red roses for every 5 yellow roses. I think I 
need to figure out how many red roses there are in the 24 red and yellow roses. 

Let me reread the problem… That’s correct. I need to find out how many red roses there 
are in the bouquet of 24 red and yellow roses. The next part of the problem talks about the 
ratio of red roses to red and yellow roses. I can draw a diagram that helps me understand 
the problem. I’ve done this before with ratio problems. These kinds of diagrams show the 
relationship between the two quantities in the ratio.

Base

Ratio value

Compared

(continued)
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Example 11. One way of thinking aloud (continued)

TEACHER: I write the quantities and units from the problem and an x for what must be 
solved in the diagram. First, I am going to write the ratio of red roses to yellow roses 
here in the circle. This is a part-to-whole comparison—but how can I find the whole in 
the part-to-whole ratio when we only know the part-to-part ratio (the number of red roses 
to the number of yellow roses)? 

I have to figure out what the ratio is of red roses to red and yellow roses when the prob-
lem only tells about the ratio of red roses to yellow roses, which is 3:5. So if there are 
3 red roses for every 5 yellow roses, then the total number of units for red and yellow 
roses is 8. For every 3 units of red roses, there are 8 units of red and yellow roses, which 
gives me the ratio 3:8. I will write that in the diagram as the ratio value of red roses to 
red and yellow roses. There are two dozen red and yellow roses, and that equals 24 red 
and yellow roses, which is the base quantity. I need to find out how many red roses (x) 
there are in 24 red and yellow roses.

I can now translate the information in this diagram to an equation like this:

Base

Ratio value

Compared

x
red roses

24
red and yellow

roses

3

8

Then, I need to solve for x.

x red roses

24 red-and-yellow roses

3

8

3

8

x

24

3

8

72

8

x

24
24 24( ) ( )

x

x 9
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• What kind of problem is this? How do  
you know?

• What is the relevant information in this 
problem? Why is this information relevant?

• Which visual representation did you use 
when you solved this type of problem  
last time?

• What would you do next? Why?

Encourage students to discuss similarities  
and differences among the various visuals 
they have learned or used. When students 
use their own visual representations to solve 
a problem correctly, teachers can emphasize 
noteworthy aspects of the representations 
and ask the students to share their visual 
representations with the class. They also may 
ask the students to explain how and why they 
used a particular representation to solve a 
problem. By sharing their work, students are 
modeling how to use visual representations 
for other students, allowing them to learn 
from one another.  

Promote discussions by asking students guid-
ing questions as they practice representing 
problems visually.85 For example, teachers 
can ask the following questions: 

Example 12. Variations in story 
contexts for a proportion problem

Solve 2⁄10 = x ⁄30

Sara draws 2 trees for every 10 animals. 
How many trees will she need to draw if 
she has 30 animals? 

Sarah creates a tiled wall using 2 black 
tiles for every 10 white tiles. If she has 
30 white tiles, how many black tiles will 
she need?

Problem

Context 1

Context 2

3. Show students how to convert the visually represented information into  
mathematical notation.

After representing the relevant information 
in a problem visually, demonstrate how each 
part of the visual representation can be trans-
lated into mathematical notation.86 Students 
must see how each quantity and relationship 
in the visual representation corresponds to 
quantities and relationships in the equation.

Sometimes, the translation from representa-
tion to equation is as simple as rewriting 
the quantities and relationships without the 

boxes, circles, or arrows in the visual rep-
resentation (see Example 11). Other times, 
correspondence between the visual repre-
sentation and the equation is not as simple, 
and teachers must illustrate the connections 
explicitly. For example, a teacher using the 
table in Example 10 should demonstrate  
how to represent the cost of 0.75 pounds  
of cheese as x and the rule “times 2.39” with 
the correct notation in an equation.

Potential roadblocks and solutions

Roadblock 3.1. Students do not capture the 
relevant details in the problem or include 
unnecessary details when representing a 
problem visually.

Suggested Approach. Often, when repre-
senting a problem visually, students do not 
capture the relevant details and relationships 
in the problem, or include unnecessary details, 
such as the dots on a ladybug or a picket 
fence around a house. Consequently, such 
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representations do not correctly depict or help 
identify the mathematical nature of the prob-
lem. Teachers can help students improve their 
representations by building upon students’ 
thinking. They can ask guiding questions 
that will help students clarify and refine their 
representations. Once a student has revised 
his or her representation, teachers can ask him 
or her to explain what was missing from the 
representation and why the representation did 
not work initially. Teachers should be sure to 
point out specific aspects of the representation 
that the student did correctly. This will encour-
age students to keep trying. 

If necessary, teachers also can demonstrate 
how to alter the representation to represent 
and solve the problem correctly, using stu-
dents’ representations as a springboard for 
refinement.87 Teachers can show students 
how their diagrams can be modified to 
represent the relevant information without 
the unnecessary details. It is important to 
help students improve their representations, 
because students who represent irrelevant 
information could be less effective problem 
solvers than those who draw diagrams with 
relevant details from the problem.88 Teach-
ers also can help by explaining what the 
difference is between relevant and irrelevant 
details and how a visual representation can 
capture relevant details and relationships. 
They also should emphasize that a diagram’s 
goal is to illustrate the relationships that are 
important for solving the problem.

Consider the river-crossing problem detailed 
in Example 13. The first representation is a 
simple narrative description of the story that 
depicts the boat and river, and the adults and 
children waiting to cross the river. The sche-
matic diagram, on the other hand, outlines 
the sequence of trips and boat occupants that 
are needed to take 4 adults and 2 children 
across the river in a small boat. The sche-
matic diagram better represents the relevant 
information in the problem and is helpful in 
arriving at the symbolic equation. 

Example 13. Diagrams with relevant 
and irrelevant details89

There are 4 adults and 2 children who 
need to cross the river. A small boat is 
available that can hold either 1 adult or 
1 or 2 small children. Everyone can row 
the boat. How many one-way trips does 
it take for all of them to cross the river? 

Using a representation without rele-
vant details and with irrelevant details  
to represent the problem:

Using a schematic diagram with  
relevant details and without irrelevant 
details to represent the problem:

Problem
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professional-development materials they 
may have collected or search the Internet for 
more examples. Using an overhead projector, 
a document reader, or an interactive white-
board, teachers can incorporate these visuals 
into their lessons.

Roadblock 3.2. The class text does not use 
visual representations.

Suggested Approach. Teachers can ask 
colleagues or math coaches for relevant visual 
representations, or they can develop some 
on their own. Teachers also can look through 
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effects for some algebra outcomes—two of 
these studies also found positive effects for 
some outcomes. Consequently, the panel 
determined that there is moderate evidence 
to support this recommendation. 

Six of the seven studies that included proce-
dural flexibility outcomes found that exposing 
students to multiple problem-solving strategies 

Expose students to multiple problem-solving strategies.
Problem solvers who know how to use multiple strategies to solve problems may be more 
successful.90 When regularly exposed to problems that require different strategies, students 
learn different ways to solve problems. As a result, students become more efficient in selecting 
appropriate ways to solve problems91 and can approach and solve math problems with greater 
ease and flexibility.92

In this recommendation, the panel suggests ways to teach students that problems can be 
solved in more than one way and that they should learn to choose between strategies based 
upon their ease and efficiency. The panel recommends that teachers instruct students in a 
variety of strategies for solving problems and provide opportunities for students to use, share, 
and compare the strategies. Teachers should consider emphasizing the clarity and efficiency of 
different strategies when they are compared as part of a classroom discussion.

Summary of evidence: Moderate Evidence

Eight studies found positive effects of teach-
ing and encouraging multiple problem-solving 
strategies, although in some of these studies 
the effects were not discernible across all 
types of outcomes. Three additional studies 
involving students with limited or no knowl-
edge of algebraic methods found negative 
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improved students’ procedural flexibility—
their ability to solve problems in different ways 
using appropriate strategies.93 However, the 
estimated effects of teaching multiple strate-
gies on students’ ability to solve problems 
correctly (procedural knowledge) and aware-
ness of mathematical concepts (conceptual 
knowledge) were inconsistent.94

Three studies found that when students 
were instructed in using multiple strate-
gies to solve the same problem, procedural 
knowledge improved; however, all of these 
studies included additional instructional 
components (checklists and visual aids) that 
may have produced the positive results.95 
Another study with an eight-minute strategy 
demonstration found no discernible effects.96 
Providing students with worked examples 
explicitly comparing multiple-solution strate-
gies had positive effects on students’ proce-
dural flexibility in three of the four studies 
that examined this intervention; however, 
the three studies found inconsistent effects 

on students’ procedural knowledge and 
conceptual knowledge.97 The fourth study 
providing students with worked examples 
found that the effects varied by baseline 
skills—the intervention had a negative effect 
on procedural knowledge, conceptual knowl-
edge, and procedural flexibility for students 
who did not attempt algebra reasoning on a 
pretest, but no discernible effect for students 
who had attempted algebraic reasoning on 
the pretest (correctly or incorrectly).98 Finally, 
when students attempted to solve problems 
using multiple strategies and then shared 
and compared their strategies, their ability 
to solve problems did improve.99 Two addi-
tional studies involving students with no or 
minimal algebra knowledge found that asking 
students to re-solve an algebra problem using 
a different method had negative effects on 
procedural knowledge measures and positive 
effects on procedural flexibility.100

The panel identified three suggestions for 
how to carry out this recommendation.

How to carry out the recommendation

1. Provide instruction in multiple strategies.

Teach students multiple strategies for solving 
problems.101 These can be problem-specific102 
or general strategies for use with more than 

one type of problem.103 For instance, in Example 
14, a teacher shows his or her students two 
ways to solve the same problem. 

Example 14. Two ways to solve the same problem

Ramona’s furniture store has a choice of 3-legged stools and 4-legged stools. There are 
five more 3-legged stools than 4-legged stools. When you count the legs of the stools, 
there are exactly 29 legs. How many 3-legged and 4-legged stools are there in the store?

4 × 4 legs = 16 legs 9 × 3 legs = 27 legs total = 43 legs

3 × 4 legs = 12 legs 8 × 3 legs = 24 legs total = 36 legs

2 × 4 legs = 8 legs 7 × 3 legs = 21 legs total = 29 legs

Problem

Solution 1: Guess and check

TEACHER: This works; the total equals 29, and with two 4-legged stools and seven 
3-legged stools, there are five more 3-legged stools than 4-legged stools.

(continued)
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When teaching multiple strategies, periodically 
employ unsuccessful strategies and dem-
onstrate changing to an alternate strategy 
to show students that problems are not 
always solved easily the first time and that 

sometimes problem solvers need to try more 
than one strategy to solve a problem. This 
will help students develop the persistence the 
panel believes is necessary to complete chal-
lenging and non-routine problems.

Example 14. Two ways to solve the same problem (continued)

Solution 2

TEACHER: Let’s see if we can solve this problem logically. The problem says that there 
are five more 3-legged stools than 4-legged stools. It also says that there are 29 legs alto-
gether. If there are five more 3-legged stools, there has to be at least one 4-legged stool  
in the first place. Let’s see what that looks like.

TEACHER: I think this works. We have a total of 29 legs, and there are still five more 
3-legged stools than 4-legged stools. We solved this by thinking about it logically. We 
knew there was at least one 4-legged stool, and there were six 3-legged stools. Then we 
added to both sides so we always had a difference of five stools.  

TEACHER: We can add a stool to each group, and there will still be a difference of five stools.

stools

total legs 4 × 1 = 4 3 × 6 = 18

4 + 18 = 22

+

stools

total legs 4 × 2 = 8 3 × 7 = 21

8 + 21 = 29

+
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Teachers should present worked examples 
side-by-side on the same page, rather than on 
two separate pages, to facilitate more effec-
tive comparisons (see Example 15).108 Teach-
ers also should include specific questions to 
facilitate student discussions.109 For example, 
teachers can ask these questions:

• How are the strategies similar? How are
they different?

• Which method would you use to solve
the problem? Why would you choose this
approach?

• The problem was solved differently,
but the answer is the same. How is that
possible?

Ask students to respond to the questions first 
verbally and then in writing.110 See Example 
15 for an example of how these questions can 
be tailored to a specific problem.

Worked examples allow for quick, efficient 
comparisons between strategies.104 Success-
ful students should be able to compare the 
similarities and differences among multiple 
strategies.105 They may reap more benefits 
from comparing multiple strategies in worked 
examples when they work with a partner 
instead of alone106 and when they can actively 
participate in the learning process.107 Teachers 
should provide opportunities for students to 
work together and should use worked exam-
ples to facilitate the comparison of strategies. 

Teachers can use worked examples to facili-
tate comparison of strategies with interesting 
contrasts and not just minor differences. An 
added benefit of comparing strategies is that 
certain examples allow for concepts to be 
highlighted. The strategies used in Example 
15 allow for a discussion of treating (y + 1) as 
a composite variable.

2. Provide opportunities for students to compare multiple strategies in worked examples.

Example 15. A comparison of strategies111

Mandy’s solution Erica’s solution

5(y + 1) = 3(y + 1) + 8 

5y + 5 = 3y + 3 + 8 Distribute

5y + 5 = 3y + 11 Combine

2y + 5 = 11 Subtract on both

2y = 6 Subtract on both

y = 3 Divide on both

5(y + 1) = 3(y + 1) + 8 

2(y + 1) = 8 Subtract on both

y + 1 = 4 Divide on both

y = 3 Subtract on both

TEACHER: Mandy and Erica solved the problem differently, but they got the same answer. 
Why? Would you choose to use Mandy’s way or Erica’s way? Why?

Worked examples, of course, should be used 
alongside opportunities for students to solve 
problems on their own. For instance, teachers 
can provide worked examples for students to 
study with every couple of practice problems. 

Students who receive worked examples early 
on in a lesson may experience better learning 
outcomes with less effort than students who 
only receive problems to solve.112
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Encourage students to generate multiple 
strategies as they work independently113 or 
in small groups.114 In Example 16, students 
share their strategies in a small group. Provide 

opportunities for students to share their strate-
gies with the class. When students see the vari-
ous methods employed by others, they learn to 
approach and solve problems in different ways. 

3. Ask students to generate and share multiple strategies for solving a problem.

Find the area of this pentagon.

Problem115

Solution strategies

Ali and Maria each worked on this problem individually. 
After 20 minutes in a small-group activity, they talked to 
each other about how they approached the problem.

ALI: The pentagon is slanted, so first I looked for figures for 
which I knew how to compute the area. Look what I found: 
six right triangles inside; and they get rid of the slanted 
parts, so what’s left are rectangles. 

Then, I noticed that the right triangles are really three pairs 
of congruent right triangles. So together, the ones marked 
1 have an area of 2 × 3 = 6 square units. The ones marked 
2 combine for an area of 3 × 1 = 3 square units. The ones 
marked 3 also combine for an area of 3 square units.

What’s left inside is a 2-by-3 rectangle, with an area of 6 
square units; a 1-by-4 rectangle, with an area of 4 square units;  
and a 1-by-3 rectangle, with an area of 3 square units.

So, the area of the pentagon is 6 + 3 + 3 + 6 + 4 + 3 = 25 square units.

MARIA: You looked inside the pentagon, but I looked  
outside to deal with the slanted parts. I saw that I could  
put the pentagon inside a rectangle. I colored in the pen-
tagon and figured if I could subtract the area of the white 
space from the area of the rectangle, I’d have the area of the 
pentagon.

I know the area of the rectangle is 6 × 7 = 42 square units.

I saw that the white space was really five right triangles plus a 
little rectangle. The little rectangle is 1 by 2 units, so its area 
is 1 × 2 = 2 square units. Then, I figured the areas of the five right triangles: 1.5 square units, 
1.5 square units, 3 square units, 3 square units, and 6 square units. So, the area of the white 
space is 2 + 1.5 + 1.5 + 3 + 3 + 6 = 17 square units.

To get the area of the pentagon, I subtracted 17 from 42 and, like you, I got 25 square units 
for the area of the pentagon.

Example 16. How students solved a problem during a small-group activity
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the problem using a strategy other than the 
one demonstrated, or a strategy not used by 
others in the class. Example 17 illustrates how 
two students might share their strategies for 
solving a fractions problem.

Rather than randomly calling on students to 
share their strategies, select students pur-
posefully based on the strategies they have 
used to solve the problem. For instance, 
teachers can call on students who solved 

Example 17. Two students share their strategies for solving a fractions problem

Problem116

Solution strategies

STUDENT 2: I see that the original green part and the part I’ve colored black have the 
same area. So the original green part is ½ of the parts black and green, or ½ of 5⁄6 of  
the entire rectangle. This tells me that the green and black part is ½ × 5⁄6 = 5⁄12 of the  
entire rectangle.

Ensure that students present not only their 
strategy but also an explanation for using 
the strategy. Engage students in a discussion 
about the specifics of their strategy by ques-
tioning them as they explain their thinking. For 
example, after the first student in Example 
17 said, “I see that on the left, the green part 

is 1⁄3,” the teacher could ask, “How do you 
know?” The teacher also could ask, “How did 
you know that the green part on the right 
is half the area?” For the second student in 
Example 17, the teacher could ask, “How did 
you know that the green part is the same as 
the area colored black?”  

STUDENT 1: If I think of it as what’s to the left of the middle plus what’s to the right of 
the middle, then I see that on the left, the green part is 1⁄3 of the area; so that is 1⁄3 of ½ 
of the entire rectangle. On the right, the green part is ½ of the area; so it is ½ of ½ of 
the entire rectangle. This information tells me that the green part is

(1⁄3 × ½) + (½ × ½) = 1⁄6 + ¼  = 2⁄12 + 3⁄12 = 5⁄12 of the entire rectangle.

What fraction of the whole rectangle is green?
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Potential roadblocks and solutions

Roadblock 4.1. Teachers don’t have enough 
time in their math class for students to present 
and discuss multiple strategies.

Suggested Approach. Teachers will need 
to purposefully select three to four strategies 
for sharing and discussing. To reduce the time 
students take to present their work to the class, 
ask them to use personal whiteboards or chart 
paper, or to bring their work to the document 
reader, so that they do not have to take time 
rewriting their strategies on the board. Teachers 
can document the strategies that different stu-
dents use during independent or small-group 
work and summarize or display them for the 
whole class. This is likely to take less time than 
having students take turns sharing their own 
strategies. Teachers can also have students do 
a problem-solving task at the beginning of the 
school day as they settle in or at the beginning 
of the math class as a warm-up activity and 
devote 5–10 minutes to sharing and discussion.  

Roadblock 4.2. Not all students are willing 
to share their strategies.

Suggested Approach. Fear of presenting 
wrong answers may limit the willingness of 
some students to share their strategies. It is 
important to create an environment in which 
students feel supported and encouraged to 
share, whether their strategy is correct or not. 
Teachers should emphasize that most problems 
can be solved using a variety of strategies and 
that each student may present a way to solve 
the problem that other students in the class 
had not thought to use. The panel believes that 
students will be more willing to explain their 
strategies once they notice that sharing helps 
them understand and solve problems better 
and gives students an opportunity to teach 
their classmates. Make sharing a regular part of 
mathematics instruction. Point out the benefits 
of sharing, such as how it enables students to 
teach their peers new ways to approach prob-
lems and to learn potentially quicker, easier, and 
more effective strategies from their peers. 

Roadblock 4.3. Some students struggle to 
learn multiple strategies. 

Suggested Approach. For some students 
who lack the prerequisite knowledge or do not 
remember the required skills, exposure to multi-
ple strategies may be challenging.117 For example, 
some students who do not remember their mul-
tiplication and division facts will have difficulty 
determining which strategy to use based on the 
numbers in a problem. Teachers may need to ask 
these students to take a minute and write down 
their facts before asking them to solve problems. 
Teachers also may need to change the problem 
to include numbers that allow these students to 
focus on the problem solving rather than on the 
arithmetic. For example, teachers could change 
the number 89.5 to 90. Some students may also 
get confused when multiple strategies for solving 
a problem are presented. Solving a problem one 
way, erasing it, and then solving it in another way 
can be difficult for students to comprehend if 
no opportunity is given to compare the meth-
ods side-by-side.118 Students will also benefit 
from slowing down and having some time to 
get familiar with one strategy before being 
exposed to another or comparing it to a previ-
ously learned strategy.119

Roadblock 4.4. Some of the strategies 
students share are not clear or do not make 
sense to the class.

Suggested Approach. Students may have 
trouble articulating their strategies clearly so 
they make sense to the class. As students solve 
a problem, circulate among them and ask them 
to privately explain how they are working it. 
This will give teachers a clearer idea of the stu-
dents’ strategies. Then, when a student shares 
with the class, teachers will be better equipped 
to clarify the student’s thinking by asking guid-
ing questions or by carefully rewording what a 
student shares.120 Another way to help students 
share is by asking another student to restate 
what the student has said.121 Be careful not to 
evaluate what students share (e.g., “Yes, that is 
the right answer.” or “No, that’s not correct.”) 
as students explain their thinking. Instead, ask 
students questions to help them explain their 
reasoning out loud (see Recommendation 2).
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The first suggestion for implementing this 
recommendation, explaining relevant concepts 
and notation, was supported by a study find-
ing that student achievement improved when 
teachers discussed math problems conceptu-
ally (without numbers) and then represented 
them visually.126 Three studies examined the 
second suggestion for implementing this 

Help students recognize and articulate mathematical 
concepts and notation.
Mathematical concepts and notation provide students with familiar structures for organizing 
information in a problem; they also help students understand and think about the problem.122 
When students have a strong understanding of mathematical concepts and notation, they are 
better able to recognize the mathematics present in the problem, extend their understanding 
to new problems,123 and explore various options when solving problems.124 Building from 
students’ prior knowledge of mathematical concepts and notation is instrumental in developing 
problem-solving skills.

In this recommendation, the panel suggests that teachers explain relevant concepts and 
notation in the context of a problem-solving activity, prompt students to describe how worked 
examples are solved using mathematically valid explanations, and introduce algebraic notation 
systematically. The panel believes these actions will help students develop new ways of 
reasoning, which in turn will help students successfully solve new mathematical challenges. 

Summary of evidence: Moderate Evidence

Three studies directly support two sugges-
tions for implementing this recommendation, 
and although the findings for the other sug-
gestion are inconsistent, the panel believes 
there is moderate evidence supporting this 
recommendation.125
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recommendation, providing students with 
worked examples and asking them to explain 
the process used to solve a problem; two 
studies reported positive effects, and one 
study reported no discernible effects.127 Finally, 
two studies supported the third suggestion 
for implementing this recommendation, 
algebraic notation. The first study found that 
providing students with concrete intermediate  
arithmetic problems before asking them 
to understand the algebraic notation for a 

different problem significantly improved 
achievement.128 The second study found that 
having students practice symbolic algebraic 
problems (substituting one expression into 
another) improved performance on two-step 
word problems more than practicing with 
one-step word problems.129

The panel identified three suggestions for 
how to carry out this recommendation.

How to carry out the recommendation

1. Describe relevant mathematical concepts and notation, and relate them to the
problem-solving activity.

Students tend to enter school with informal, 
personally constructed ways of making sense 
of math.130 Students often use this informal 
understanding to solve problems.131 Teachers 
can turn problem-solving activities into learn-
ing opportunities by connecting students’ 
intuitive understanding to formal mathemati-
cal concepts and notation.132

Teachers can watch and listen for opportu-
nities to call attention to the mathematical 
concepts and notation that students use as 
they solve problems. For example, if teachers 
notice students informally using the commu-
tative property to solve a problem, teachers 
can explain this concept, ask students if it 

will always work in similar situations, and 
describe the property’s usefulness to the 
class.133 If teachers see students talking about 
formal mathematical notation in an informal 
way, teachers can connect students’ informal 
language to the formal notation or symbol, 
pointing out that there is often more than  
one mathematically correct way to state it 
(e.g., “12 take away 3”, “12 minus 3”, and “12 
less 3” are all equal to 9). The teacher in Exam-
ple 18 uses this technique to help her student 
better understand number theory. This 
example illustrates how students can better 
grasp formal mathematical concepts when 
teachers interpret the informal ideas and 
concepts students use to solve problems.134
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Sometimes, teachers may need to draw atten-
tion to mathematical ideas and concepts by 
directly instructing students in them before 
engaging the students in problem solving.135 
For instance, some middle graders think of 
area as a product of numbers, rather than a 
measure of an array of units.136 Faced with a 
problem such as the problem in Example 16 
that asks them to find the area of a penta-
gon, students might measure the lengths of 
each side of the pentagon and calculate area 
by multiplying two or more of the numbers 
together. To offset this mistaken approach, 
their teacher might explicitly define area as 
“the measure of the space inside a figure.”

2. Ask students to explain each step
used to solve a problem in a worked
example.

Routinely provide students with opportunities 
to explain the process used to solve a prob-
lem in a worked example and to explain why 
the steps worked.137 Students will develop a 
better understanding of mathematical con-
cepts when they are asked to explain the 
steps used to solve a problem in a worked 
example, and this understanding will help 
them solve problems successfully.138 Studying 
worked examples could help accelerate learn-
ing and improve problem solving.139

Use small-group activities to encourage 
students to discuss the process used to solve 
a problem in a worked example and the 
reasoning for each step. Alternatively, ask one 
student to repeat another student’s explana-
tion and to then state whether he or she 
agrees and why.

Initially, students may not provide math-
ematically valid explanations. For example, 
students may restate the correct steps but 
fail to provide good reasons or justifications. 
The panel believes that teachers should ask 
students probing questions to help them 
articulate mathematically valid explanations. 
Mathematically valid explanations are fac-
tually and mathematically correct, logical, 

Example 18. Students’ intuitive understanding 
of formal mathematical concepts

Is the sum of two consecutive numbers 
always odd?

Problem

Solution

STUDENT: Yes.

TEACHER: How do you know?

STUDENT: Well, suppose you take a  
number, like 5. The next number is 6.

For 5, I can write five lines, like this:

| | | | |
For 6, I can write five lines and one 
more line next to it, like this:

| | | | |   |
Then, I can count all of them, and I get 
11 lines. 

See? It’s an odd number.

TEACHER: When you say, “It’s an odd 
number,” you mean the sum of the two 
consecutive numbers is odd. So, can you 
do that with any whole number, like n? 
What would the next number be?

STUDENT: It would be n + 1.

TEACHER: So, can you line them up like 
you did for 5 and 6?

STUDENT: You mean, like this?

n

n + 1

TEACHER: Right. So, what does that tell 
you about the sum of n and n + 1?

STUDENT: It’s 2 n’s and 1, so it’s odd.

TEACHER: Very good. The sum, which 
is n + n + 1 = 2n + 1, is always going to  
be odd.
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thorough, and convincing.140 See Example 19 
for sample student explanations that are not 
mathematically valid. Teachers also might 
need to provide students with examples of 
mathematically valid explanations or help 

reword their partially correct explanations. 
Example 19 also illustrates how teacher 
questioning can help students better organize 
their thoughts when their explanation is not 
mathematically valid. 

Example 19. Sample student explanations: How mathematically valid are they?

Are 2⁄3 and 8⁄12 equivalent fractions? Why or why not?

Problem

An explanation that is not math-
ematically valid 

A mathematically valid explanation 

A correct description, but still not 
a complete explanation

STUDENT: To find an equivalent fraction, 
whatever we do to the top of 2⁄3, we must
do to the bottom.

This description is not mathematically valid 
because, using this rule, we might think we 
could add the same number to the numera-
tor and denominator of a fraction and ob-
tain an equivalent fraction. However, that 
is not true. For example, if we add 1 to both 
the numerator and denominator of 2⁄3, we
get (2 + 1)/(3 + 1), which is ¾. ¾ and 2⁄3
are not equivalent. Below is an explanation  
of how teacher questioning can clarify stu-
dents’ explanations and reasoning.

TEACHER: What do you mean?

STUDENT: It just works when you multiply.

TEACHER: What happens when you multi-
ply in this step?

STUDENT: The fraction stays…the same.

TEACHER: That’s right. When you multiply 
a numerator and denominator by the same 
number, you get an equivalent fraction. 
Why is that?

STUDENT: Before there were 3 parts, but 
we made 4 times as many parts, so now 
there are 12 parts. 

TEACHER: Right, you had 2 parts of a 
whole of 3. Multiplying both by 4 gives you 
8 parts of a whole of 12. That is the same 
part-whole relationship—the same fraction, 
as you said. Here’s another way to look at it: 

when you multiply the fraction by 4⁄4, you
are multiplying it by a fraction equivalent 
to 1; this is the identify property of multi-
plication, and it means when you multiply 
anything by 1, the number stays the same.

STUDENT: You can get an equivalent frac-
tion by multiplying the numerator and de-
nominator of 2⁄3 by the same number. If we
multiply the numerator and denominator 
by 4, we get 8⁄12.
If I divide each of the third pieces in the 
first fraction strip into 4 equal parts, then 
that makes 4 times as many parts that 
are shaded and 4 times as many parts in 
all. The 2 shaded parts become 2 × 4 = 8 
smaller parts and the 3 total parts be-
come 3 × 4 = 12 total smaller parts. So the 
shaded amount is 2⁄3 of the strip, but it is
also 8⁄12 of the strip.

STUDENT: Whatever we multiply the top of 
2⁄3 by, we must also multiply the bottom by.

This rule is correct, but it doesn’t explain 
why we get an equivalent fraction this way. 

This explanation is correct, complete, 
and logical.

����

����
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Understanding the symbolic notation used in 
algebra takes time. The panel suggests that 
teachers introduce it early and at a moder-
ate pace, allowing students enough time to 
become familiar and comfortable with it. 
Teachers should engage students in activities 
that facilitate understanding and better or cor-
rect use of symbols.141 For instance, teachers 
can provide familiar arithmetic problems as 
an intermediate step before asking students 
to translate a problem into an algebraic equa-
tion (see Example 20).142 Simple arithmetic 

3. Help students make sense of algebraic notation.

Example 20. How to make sense of algebraic 
notation: Solve a problem arithmetically 
before solving it algebraically143

A plumbing company charges $42 per 
hour, plus $35 for the service call.

Problem

Solution

TEACHER: How much would you pay 
for a 3-hour service call? 

STUDENT: $42 × 3 + $35 = $161 for 
a 3-hour service call.

TEACHER: What will the bill be for 
4.5 hours?

STUDENT: $42 × 4.5 + $35 = $224 for 
4.5 hours.

TEACHER: Now, I’d like you to assign 
a variable for the number of hours the 
company works and write an expression 
for the number of dollars required.

STUDENT: I’ll choose h to represent the 
number of hours the company works.

42h + 35 = $ required

TEACHER: What is the algebraic equa-
tion for the number of hours worked if 
the bill comes out to $140?

STUDENT: 42h + 35 = 140

problems draw on students’ prior math expe-
rience, so the problems are more meaningful. 
By revisiting their earlier knowledge of simple 
arithmetic, students can connect what they 
already know (arithmetic) with new informa-
tion (algebra). 

Teachers also can ask students to explain each 
component of an algebraic equation by having 
them link the equation back to the problem 
they are solving (see Example 21).144 This will 
help students understand how components 
in the equation and elements of the problem 
correspond, what each component of the 
equation means, and how useful algebra is 
for solving the problem.

Example 21. How to make sense of algebraic  
notation: Link components of the equation  
to the problem145

Joseph earned money for selling 7 CDs 
and his old headphones. He sold the 
headphones for $10. He made $40.31. 
How much did he sell each CD for?

Problem

Solution

The teacher writes this equation: 

10 + 7x = 40.31

TEACHER: If x represents the number 
of dollars he sold the CD for, what does 
the 7x represent in the problem? What 
does the 10 represent? What does the 
40.31 represent? What does the 10 + 7x 
represent?
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Potential roadblocks and solutions

Roadblock 5.1. Students’ explanations  
are too short and lack clarity and detail.  
It is difficult for teachers to identify which 
mathematical concepts they are using.

Suggested Approach. Many students 
in the United States are not given regular 
opportunities to explain why steps to solve 
problems work;146 without this experience 
to draw from, students who are suddenly 
given sharing opportunities often provide 
quick explanations that lack detail and clar-
ity. They do not yet know how to explain the 
problem-solving process, which information 
to present, or how much detail to provide. 
To anticipate which mathematical concepts 
students might use to solve the problem, 
teachers may need to prepare for each lesson 
by solving the problem themselves.

To help students explain their thoughts in 
more detail, teachers can ask them specific 
questions about how a problem was solved 
and how they thought about the problem. 
Teachers can also have students create a 
“reason sheet” of mathematical rules (e.g., 

“the identity property of multiplication for 
fractions—multiplying a fraction by 1 keeps 
the same value,” “2⁄2 and 3⁄3 are fractions equal
to 1,” and so on). Students should only include 
a few key rules, as too many may make reason-
ing more difficult. Some helpful ones may 
appear in the student textbook as definitions, 
properties, rules, laws, or theorems. Ask stu-
dents to use reasons from their reason sheet 
when composing explanations.

Roadblock 5.2. Students may be confused 
by mathematical notations used in algebraic 
equations. 

Suggested Approach. Students may have 
difficulty interpreting mathematical notations 
used as variables in algebraic equations when 
the notations relate to items in the problem. 
Students may misinterpret the notations as 
labels for items in the problem (e.g., c stands 
for cookies). Teachers should encourage 
students to use arbitrary variables, such as 
non-mnemonic English letters (x and y) or 
Greek letters (Φ and Ω).147 Arbitrary variables 
can facilitate student understanding of the 
abstract role that variables play in represent-
ing quantities.
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2. Depending on the content or goal of the
lesson, teach students how to use visual
representations (Recommendation 3),
expose students to multiple problem-
solving strategies (Recommendation 4),
and/or help students recognize and
articulate mathematical concepts and
notation (Recommendation 5).

If visual representations are featured in the 
lesson:

• Use think-alouds and discussions
to teach students how to represent
problems visually (Recommendation 3).
Teachers should clarify the type of prob-
lem and how to determine which informa-
tion in the problem is relevant. Teachers
should then talk students through how
to map the relevant information onto an
appropriate visual representation and lead
a discussion to compare representations.
Allow students to share their work so
that students can learn from others in the
class. When students use their own rep-
resentations, have them explain why and
how they are using the representation. If
any refinement is needed, build upon the
student representation.

• Show students how to convert the
visually represented information into
mathematical notation (Recommenda-
tion 3). Teachers should demonstrate how
each quantity and relationship in the visual
representation corresponds to components
of the equation.

If the goal is to teach students multiple 
strategies:

• Provide instruction in multiple strate-
gies (Recommendation 4). Teachers should
teach students a variety of ways to solve
problems. These can be generic strategies

The recommendations in this practice guide include research-based practices for teaching math-
ematical problem solving. Below is an example of how these recommendations can be incor-

porated into a lesson using a four-step process. It is important to consider all of the recommended 
practices when conducting a lesson from start to finish, even though you may not be able to apply 
all four steps for every problem-solving lesson.

1. Plan by preparing appropriate problems
and using them in whole-class instruc-
tion (Recommendation 1) and by selecting
visual representations that are appro-
priate for students and the problems
they are solving (Recommendation 3).

• Include a variety of problem-solving
activities (Recommendation 1). Teachers
should ask themselves, “Is the purpose of
these problems to help students understand
a key concept or operation? To help students
learn to persist with solving difficult prob-
lems? To use a particular strategy? To use a
visual representation?” Teachers should select
problems that fit the goal of the lesson.

• Ensure that students will understand
the problem by addressing issues stu-
dents might encounter with the prob-
lem’s context or language; consider
students’ knowledge of mathematical
content when planning the lesson
(Recommendation 1). Some problems may
have complex or unusual vocabulary,
depend on specific background knowledge,
or reference ideas that are unfamiliar to
some students. In some cases, it may be
necessary to modify problems based on
the learning or cultural needs of the stu-
dents. In other cases, teachers may need to
explain the context or language to students
before asking them to solve the problem.

• Select visual representations that
are appropriate for students and the
problems they are solving (Recommen-
dation 3). If the lesson will include a visual
representation, teachers should consider
the types of problems they plan to pres-
ent and should select appropriate visual
representations. Also, teachers should con-
sider students’ past experience with visual
representations to determine whether a
new representation should be presented.
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that work for a wide range of problems or 
specific strategies that work for a given 
type of problem. Teachers can model the 
use of strategies by thinking aloud about 
why they selected the particular strategy 
and how they would work a problem.

• Ask students to generate multiple
strategies for solving a problem
(Recommendation 4). Encourage students
to generate strategies of their own as they
work through the problems they are given.

If the goal is to help students recognize and 
articulate mathematical concepts and notation:

• Describe relevant mathematical con-
cepts and notation, and relate them
to the problem-solving activity
(Recommendation 5). Teachers should look
for opportunities to explain the formal
mathematical concepts and notation used
in the problem-solving activity.

• Help students make sense of algebraic
notation (Recommendation 5). One way
to do this is to introduce similar arithmetic
problems before algebraic problems to
revisit students’ earlier mathematical under-
standing. Another way is to help students
explain how the algebraic notation repre-
sents each component in the problem.

3. Assist students in monitoring and
reflecting on the problem-solving
process (Recommendation 2).

• Provide students with a list of prompts
to help them monitor and reflect dur-
ing the problem-solving process
(Recommendation 2). It may be necessary
to assist students as they begin to work
with prompts. Assisting means more than
simply telling students what to do next.
Teachers can assist by asking students
guiding questions to help them learn to use
the prompts when they solve problems.

• Model how to monitor and reflect on
the problem-solving process (Recom-
mendation 2). Teachers can state a prompt
in front of the class and describe how they
used it to solve a problem. This will help
students see how prompts or items from
a task list can be used to solve problems.
Teacher modeling is a useful way to show
how people think as they solve problems.

• Use student thinking about a problem
to develop students’ ability to monitor
and reflect on their thought process
while solving a problem (Recommenda-
tion 2). Teachers can ask guiding questions
to help students verbalize what they could
do to improve their monitoring and reflec-
tion during the problem-solving process.

4. Conduct discussions to help students
recognize and articulate mathemati-
cal concepts and notation (Recommen-
dation 5) and to expose students to
multiple problem-solving strategies
(Recommendation 4).

• Ask students to explain each step used
to solve a problem (Recommendation 5).
Debriefing each step allows teachers to
connect the problem-solving activity to rel-
evant mathematical concepts and notation.

• Provide opportunities for students
to compare multiple strategies in
worked examples; ask students to
generate, share, and compare mul-
tiple strategies for solving a problem
(Recommendation 4). This approach allows
students to hear multiple problem-solving
strategies, which is particularly beneficial
if the strategies are more advanced than
those used by most students in the class-
room. It also affords students the chance
to present and discuss their strategies,
thereby building their confidence levels.
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In this practice guide, a group-design study150 
result is classified as having a positive or 
negative effect when:

• The result is statistically significant (p ≤
0.05) or marginally statistically significant
(0.05 < p ≤ 0.10)

• The result is substantively important as
defined by the WWC (effect sizes larger
than 0.25 or less than –0.25)151

When a result meets none of these criteria, it 
is classified as having “no discernible effect.”

Some studies meet WWC standards (with or 
without reservations) for causal designs but 
do not adjust statistical significance for mul-
tiple comparisons or student clusters where 
the unit of assignment is different from the 
unit of analysis (e.g., classrooms are assigned 
to conditions, but student test scores are 
analyzed). When full information is available, 
the WWC adjusts for clustering and multiple 
comparisons within a domain.152

The three outcome domains153 for this practice 
guide are as follows:

• Procedural knowledge, which relates
to whether students choose mathematical

operations and procedures that will help 
them solve the problem and to how well 
they carry out the operations and proce-
dures they choose to use. When students 
correctly solve a math problem, they have 
likely chosen the appropriate operation or 
procedure and executed it correctly.

• Conceptual understanding, which
relates to how well students understand
mathematical ideas, operations, and proce-
dures, as well as the language of mathemat-
ics. One way for students to express their
conceptual understanding is to accurately
and completely explain the operations and
ideas used to solve a problem. Another way
to show conceptual understanding is for
students to explain relationships between
ideas, operations, and/or procedures as
they relate to a problem.

• Procedural flexibility, which relates to
whether students can identify and carry
out multiple methods to solve math prob-
lems. If students can adaptively choose the
most appropriate strategy for a particular
problem and can attempt to solve a math
problem in multiple ways, then they have
likely developed procedural flexibility, a
skill that may help them solve problems
more efficiently in the future.

Rationale for Evidence Ratingsa

Appendix D provides further detail about studies that the panel used to determine the evidence base 
for the five recommendations in this guide. Studies that examined the effectiveness of recommended 
practices using strong designs for addressing questions of causal inference including randomized 
controlled trials and rigorous quasi-experimental designs and that met What Works Clearinghouse 
(WWC) standards (with or without reservations) were used to determine the level of evidence and are 
discussed here. This appendix also includes one study with a strong correlational design.148

Four studies met the WWC pilot standards for well-designed single-case design research and are 
included as supplemental evidence for Recommendations 2 and 3 in this guide. Single-case design 
studies do not contribute to the level of evidence rating. While the panel believes that qualitative 
studies, case studies, and other correlational studies contribute to the literature, these studies were 
not eligible for WWC review, did not affect the level of evidence, and are not included in this appen-
dix. Some studies have multiple intervention groups; only interventions relevant to this guide’s 
recommendations are included.149

a Eligible studies that meet WWC evidence standards or meet evidence standards with reservations are indicated by bold text in the 
endnotes and references pages.
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Most studies only examined outcomes in 
the procedural knowledge domain, and thus 
student achievement in this appendix refers to 
outcomes in the procedural knowledge domain 
except where otherwise specified. To facilitate 
comparisons, the appendix text focuses on the 
outcome closest to the end of the intervention; 
these are labeled posttests. All outcome mea-
sures administered after the posttest are labeled 
maintenance in appendix tables. Measures 
the panel believes require students to apply 
knowledge or skills in a new context are labeled 
transfer outcomes in appendix tables. When 
studies have multiple posttest outcome mea-
sures administered within the same domain, 
effect sizes for each measure are averaged,154 
and the overall average is reported.

Recommendation 1.  
Prepare problems and use them 
in whole-class instruction.

Level of evidence: Minimal Evidence

Few studies directly tested the suggestions 
of this recommendation, leading the panel to 
assign a minimal level of evidence. Although 
the panel believes teacher planning should 
incorporate both routine and non-routine 
problems, no studies meeting WWC standards 
directly examined this issue. 

One study did find higher student achieve-
ment when teacher planning considered 
students’ mathematical content weaknesses 
and whether students would understand 
language and context prior to instruction 
(see Table D.1).155 Another study showed that 
incorporating a variety of familiar contexts 
into instruction also may improve problem-
solving skills.156 The panel interpreted these 
results cautiously, however, since both of these 
studies included additional instructional com-
ponents (e.g., student monitoring and reflec-
tion). The panel did find several well-designed 
studies showing that Taiwanese and American 
students who solve word problems incorporat-
ing well-liked and well-known contexts do bet-
ter on subsequent word problems tests than 
students presented with generic contexts.157

Routine and non-routine problems. The 
panel’s suggestion to integrate a variety of 
targeted problem-solving activities into whole-
class instruction is based primarily on the 
expertise of its members. No studies meeting 
WWC standards directly tested the complemen-
tary uses of routine and non-routine problems.

Problem context and vocabulary. Overall, 
no studies included interventions that solely 
tested this recommendation suggestion. 
One study meeting WWC standards involved 
teacher planning that considered whether stu-
dents would have difficulty understanding the 
language, context, or mathematical content 
in word problems (see Table D.1).158 Teachers 
also reviewed the problems’ vocabulary with 
students during instruction. This planning 
and instruction were part of a broader inter-
vention that also involved teaching students 
to pose questions to themselves while prob-
lem solving. The overall intervention had a 
significant positive effect on students’ ability 
to solve word problems.

Another study involved word problems that 
incorporated contexts familiar to the 5th-grade 
students in the study.159 However, these con-
texts were only one component of an interven-
tion that also focused on teaching students a 
five-step strategy for solving word problems. 
Although the study reported a positive effect, 
the panel cannot isolate the separate effect of 
posing familiar word problems.

Four additional studies found that incorporating 
favorite contexts into practice word problems 
improved students’ ability to solve multiplica-
tion and division word problems.160 Three of the 
studies were conducted in Taiwan with 4th- and 
5th-grade students, and one took place in the 
United States with students in grades 6 through 
8. None of these studies had transfer or mainte-
nance outcomes. In all of the studies, research-
ers asked students about their favorite places,
foods, friends, sports, and so on, and then
incorporated that information into the practice
problems. In two of the studies, word problems
used during classroom instruction were based
on the most common survey responses.161 In the
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other two, students completed computer-based 
word problems that incorporated their individual 
survey responses.162

These favorite-context interventions were 
conducted in two to four sessions, each lasting 
between 40 and 50 minutes. Students in the 
control group received the same word problems 
but without the personalized content. Three of 
the four studies found that personalizing the 
content of word problems improved students’ 
subsequent performance on a posttest that 
included both personalized and nonpersonalized 

word problems.163 In the study that found 
no discernible effects, the panel believes the 
outcome measure limited the study’s ability to 
detect differences between groups.

Planning using students’ math knowledge.  
Teachers in the study on teacher vocabulary 
planning164 also used information from earlier 
student performances to help them under-
stand and plan for difficulties with mathemat-
ical content that students might have. The 
overall intervention had a positive effect on 
students’ ability to solve word problems. 

Table D.1. Studies of interventions that involved problem selection and contribute to the 
level of evidence rating 

Study Comparison Duration Students Math Content Outcomes165 Effect Size

Familiar Contexts in Problems

Verschaffel et al. 
(1999)  
Quasi-experi-
mental design

Word problems with 
familiar contexts for 
students166 vs. tradi-
tional instruction and 
standard textbook 
problems

A total of 
20 sessions, 
each lasting 
50–60 minutes

A total of 203 
students in the 
5th grade in 
Belgium

Word problems 
involving 
numbers and 
operations

Posttest (average  
of a posttest 
and a retention 
test)167

0.31**168

General math 
achievement

Transfer 0.38**169

Preferred Contexts in Problems

Chen and Liu 
(2007) 
Randomized 
controlled trial

Word problems fea-
turing students’ pref-
erences vs. standard 
textbook problems 

A total of 
four sessions, 
each lasting 
50 minutes

A total of 165 
students in the 
4th grade in 
Taiwan

Word problems 
involving 
numbers and 
operations

Posttest 0.72**

Ku and Sullivan 
(2000) 
Randomized 
controlled trial

Word problems fea-
turing students’ pref-
erences vs. standard 
textbook problems 

A total of 
two sessions, 
each lasting 
50 minutes

A total of 72 
students in the 
5th grade in 
Taiwan

Word problems 
involving num-
bers and opera-
tions (multiplica-
tion and division)

Posttest (average 
of subtests with 
personalized and 
nonpersonalized 
problems)

0.13, ns

Ku and Sullivan 
(2002) 
Randomized 
controlled trial

Word problems fea-
turing students’ pref-
erences vs. standard 
textbook problems 

A total of 
three sessions, 
each lasting 
40 minutes

A total of 136 
students in the 
4th grade in 
Taiwan

Word problems 
involving 
numbers and 
operations 

Posttest (average 
of subtests with 
personalized and 
nonpersonalized 
problems)

0.34*

Ku et al. (2007) 
Randomized 
controlled trial

Word problems fea-
turing students’ pref-
erences vs. standard 
textbook problems 

A total of 
two sessions, 
each lasting 
42 minutes

A total of 104 
students in 
grades 6–8 in 
the United States

Word problems 
involving 
numbers and 
operations 

Posttest 0.28, ns

Clarifying Vocabulary and Math Content

Cardelle-Elawar 
(1995) 
Randomized 
controlled trial

Teacher consideration 
for whether students 
would understand 
problems and review 
of vocabulary and 
math content with 
students170 vs. tradi-
tional instruction 

One year A total of 463 
students in 
grades 4–8 
in the United 
States171 

Word problems 
involving 
general math 
achievement

Posttest (average 
of posttest and 
two retention 
tests adminis-
tered over seven 
months)172

2.18**

** = statistically significant at 0.05 level
* = statistically significant at 0.10 level
ns = not statistically significant
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Recommendation 2.  
Assist students in monitoring and 
reflecting on the problem-solving process.

Level of evidence: Strong Evidence

The panel assigned a rating of strong evi-
dence to this recommendation based on 
nine studies that met WWC standards with 
or without reservations (see Table D.2).173 
All nine studies reported positive effects on 
students’ ability to solve word problems. The 
outcomes measured diverse mathematical 
content, including numbers and operations, 
data analysis and probability, geometry, and 
algebra. Researchers conducted the studies 
in 4th- through 8th-grade classrooms, with 
three of the studies taking place in countries 
outside the United States. All the interventions 
taught students to monitor and structure their 
problem-solving process, although the spe-
cific prompts varied. Four studies provided 
students with a list of key tasks for solving 
word problems,174 while teachers in the other 
five studies taught students to use self-ques-
tioning and reflection.175 Two of these studies 
combined interventions—a task list along 
with visual aids—so the panel could not attri-
bute its results solely to the task checklist.176

Prompting students with lists. Several stud-
ies, including some that also involved teacher 
modeling, prompted students to self-question 
or to complete tasks or steps while problem 
solving. In two studies, teachers guided the 
self-questioning process by including questions 
in students’ practice workbooks.177 Students 
would answer the questions verbally and then 
in writing when using their workbooks.178 In 
another study, students received index cards 
with question prompts and then asked each 
other questions while working in pairs to solve 
word problems in a commercial software 
program.179 In all of these studies, the interven-
tion’s effects were positive.

Other studies examined using task lists to 
prompt students. In one study with 5th-grade 
students in Belgium, teachers discussed strat-
egies for solving word problems across 20 

lessons in four months.180 Teachers combined 
whole-class instruction with small-group 
work and individual assignments. The control 
group received traditional instruction for word 
problems, which did not include using a task 
list. Results from the study showed that the 
intervention had a positive effect on students’ 
ability to solve word problems.

In two other studies, students received check-
lists with four-step strategies and were encour-
aged to think aloud while solving problems 
independently.181 The interventions in these 
two studies were very similar and included the 
use of both schematic diagrams and other non-
prompting components. Comparison teachers 
used district-adopted textbooks that focused 
on direct instruction, worked examples, and 
student practice. Instruction in the first study 
occurred during 10 classes, each 40 minutes 
long. The intervention had a positive effect on 
7th-grade students’ ability to solve ratio and 
proportion word problems, both immediately 
afterward and four months later.182 Instruction 
in the second study occurred during 29 classes, 
each 50 minutes long. The intervention had a 
positive effect on 7th-grade students’ ability 
to solve ratio, proportion, and percent word 
problems immediately afterward. There was  
no discernible effect on an identical test given 
one month after the intervention ended or on  
a transfer test.183

In a fourth study, 4th- and 5th-grade students 
received a five-step strategy list.184 Teachers 
demonstrated how to use the strategy and 
then asked students to complete two prac-
tice problems individually. Finally, students 
discussed in pairs how they implemented the 
strategy. Comparison students solved the 
same problems individually and in groups, 
but without the five-step strategy. The study 
found that use of the checklist strategy 
improved students’ performance on a four-
item test of word problems measuring gen-
eral math achievement.

Modeling monitoring and reflection. 
Five randomized controlled trials and 
quasi-experimental studies examined how 
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self-questioning could help students monitor, 
reflect, and structure their problem solving.185 
In these studies, teachers modeled the self-
questioning process and taught students how 
to ask themselves questions while problem 
solving.186 For example, in one study, teach-
ers modeled the self-questioning process by 
reading the questions and verbalizing their 
thoughts aloud.187 Compared to students who 
completed the same problems but were not 
told to question one another, students in this 
intervention experienced positive effects on 
their ability to solve geometry word prob-
lems. Similarly, four studies found positive 
results when teachers modeled multistep 
strategies using task lists and then asked 
students to structure their problem solving 
around those strategies.188

In two of the self-questioning studies, teach-
ers modeled desired problem solving by 
asking and answering questions derived from 
a problem-solving model.189 Teachers also 
were taught to practice self-questioning when 
preparing lessons (e.g., asking, “What are the 
key errors students might make?”). These two 
studies provided similar instruction but dif-
fered in student samples and duration: one 
study involved six hours of oral feedback over 
three weeks to low-achieving 6th-grade bilin-
gual students,190 and the other study followed 
students in grades 4 through 8, including sev-
eral bilingual classes, and took place over the 
course of an entire school year.191 Both studies 
found positive effects on students’ ability to 
solve word problems compared to students 
who received only traditional instruction with 
lectures and worksheets.

Two additional studies in Israel had teach-
ers model a self-questioning approach 
(the IMPROVE method) for the whole class. 

Teachers instructed 8th-grade students to ask 
themselves four types of questions while solv-
ing word problems: (1) comprehension ques-
tions, to ensure they understood the task or 
concept in the problem; (2) connection ques-
tions, to think through similarities between 
problem types; (3) strategic questions, to 
focus on how to tackle the problem; and (4) 
reflection questions, to think about what they 
wanted to do during the solution process.192 
Comparison conditions differed for the studies: 
in one, students received worked examples 
followed by practice problems,193 while in the 
other, instruction involved whole-class lectures 
and practice problems. Both studies found a 
positive effect of teaching and actively sup-
porting students to use the questions.194

Supplemental evidence comes from three 
single-case design studies. The first study, 
involving 3rd- and 4th-grade students, found 
that teacher modeling of a self-questioning 
approach improved achievement for students 
with learning disabilities or mild intellectual 
disabilities.195 In this study, students were first 
taught a nine-step problem-solving strategy, 
and the instructor and student discussed 
the importance of self-questioning. After 
the students generated statements applying 
the strategy, the instructor and student then 
modeled the self-questioning process. The 
two other single-case design studies found 
no evidence of positive effects.196 However, 
in one study, students were already achiev-
ing near the maximum score during baseline, 
and thus the outcome could not measure any 
improvement.197 In the other study, middle-
school students with learning disabilities were 
taught a seven-step self-questioning process. 
Based on the findings reported, there is no 
evidence that this intervention had a positive 
impact on student achievement. 
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Study Comparison Duration Students Math Content Outcomes198 Effect Size

Cardelle-Elawar 
(1990) 
Randomized 
controlled trial

Instruction in monitoring  
and reflecting using 
questions vs. traditional 
instruction 

Six hours A total of 80 low-
achieving 6th-
grade students 
from bilingual 
classes in the 
United States

Word problems  
involving 
general math 
achievement

Posttest 2.54**199

Cardelle-Elawar 
(1995) 
Randomized 
controlled trial

Instruction in monitoring  
and reflecting using 
questions vs. traditional 
instruction 

One school year A total of 463  
students in 
grades 4–8 in the 
United States200

Word problems  
involving 
general math 
achievement

Posttest 
(average of a 
posttest and 
two retention 
tests given over  
seven months)201

2.18**

Hohn and Frey 
(2002) 
Randomized 
controlled trial

Instruction in monitoring  
and reflecting using a 
task list vs. no instruc-
tion in monitoring and 
reflecting

A total of 
four sessions  
presented  
every two days

A total of 72 
students in the 
4th and 5th 
grades (location 
not reported)202

Word problems  
involving 
general math 
achievement

Posttest 0.79, ns

Jitendra et al. 
(2009) 
Randomized 
controlled trial

Instruction in monitoring  
and reflecting using 
questions and a task 
list203 vs. traditional 
instruction

A total of 
10 sessions, 
each lasting 
40 minutes

A total of 148 
students in the 
7th grade in the 
United States

Word problems  
involving 
numbers and 
operations 

Posttest 0.33, ns

Maintenance 
(four months 
after posttest)

0.38, ns

State assesment Transfer 0.08, ns

Jitendra et al. 
(2010) 
Randomized 
controlled trial

Instruction in monitoring  
and reflecting using 
questions and a task 
list204 vs. traditional 
instruction

A total of 
29 sessions, 
each lasting 
50 minutes

A total of 472 
students in the 
7th grade in the 
United States

Word problems  
involving 
numbers and 
operations

Posttest 0.21**

Maintenance 
(one month 
after posttest)

0.09, ns

Transfer –0.01, ns

King (1991) 
Randomized 
controlled trial 
with high attri-
tion and baseline 
equivalence

Instruction in monitoring  
and reflecting using 
questions vs. no  
instruction in monitoring  
or reflecting

A total of  
six sessions,  
each lasting  
45 minutes, across 
three weeks

A total of 30 
students in the 
5th grade in the 
United States

Word problems 
and problem 
solving involving 
geometry

Posttest 0.98*205

Kramarski and 
Mevarech (2003) 
Randomized  
controlled trial 
with unknown  
attrition and 
baseline 
equivalence

Instruction in monitoring  
and reflecting using 
questions vs. no  
instruction in monitoring  
and reflecting

A total of 
10 sessions, 
each lasting 
45 minutes

A total of 384 
students in the 
8th grade in 
Israel

Multiple-choice 
problems and 
word problems 
involving data 
analysis 

Posttest 0.48

Data analysis Posttest 
(flexibility 
competency)

0.77

Data analysis Transfer 
(graphical 
representations)

0.37

Mevarech and 
Kramarski (2003) 
Randomized  
controlled trial

Instruction in monitoring  
and reflecting using 
questions vs. instruc-
tion that had students 
study worked examples 
and then discuss their 
solutions to problems 

Four weeks A total of 122 
students in the 
8th grade in 
Israel

Word problems  
involving 
algebra

Posttest 0.34, ns

Maintenance 
(one year after 
posttest)

0.31, ns

Table D.2. Studies of interventions that involved monitoring and contribute to the 
level of evidence rating

(continued)
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Study Comparison Duration Students Math Content Outcomes198 Effect Size

Verschaffel et al. 
(1999)  
Quasi-experi-
mental design

Instruction in monitoring  
and reflecting using a 
task list vs. traditional 
instruction 

A total of 
20 sessions, 
each lasting 
50–60 minutes

A total of 203 
students in the 
5th grade in 
Belgium

Word problems  
involving 
numbers and 
operations

Posttest 
(average of a 
posttest and 
a retention 
test)206

0.31**207

General math 
achievement

Transfer 0.38**208

Table D.2. Studies of interventions that involved monitoring and contribute to the 
level of evidence rating (continued)

Table D.3. Supplemental evidence supporting the effectiveness of Recommendation 2

** = statistically significant at 0.05 level
* = statistically significant at 0.10 level
ns = not statistically significant

Study Comparison Duration Students Math Content Outcomes209 Effect Size210 

Cassel and Reid 
(1996) 
Single-case 
design

Instruction in monitoring  
and reflecting using 
questions and a task 
list211 vs. no instruction

Unknown number  
of sessions, each  
lasting 35 minutes

Four 3rd and 4th 
grade students 
with mild mental 
handicaps in the 
United States

Word problems  
involving 
numbers and 
operations

Repeated 
measurement

Positive 
evidence

Case et al. (1992) 
Single-case 
design

Instruction in monitoring  
and reflecting using 
a task list212 vs. no 
instruction

Between four  
and five sessions, 
each lasting 
about 35 minutes

Four 5th and 6th  
grade students 
with learning  
disabilities in the 
United States

Word problems  
involving 
numbers and 
operations

Repeated 
measurement

No evidence

Montague (1992) 
Single-case 
design

Instruction in monitoring  
and reflecting using 
a task list213 vs. no 
instruction

A total of 
three sessions, 
each lasting 
55 minutes

Three students 
with learning  
disabilities in 
grades 6–8 in  
the United States

Word problems  
involving 
numbers and 
operations

Repeated 
measurement

No evidence
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Recommendation 3. Teach students how 
to use visual representations.

Level of evidence: Strong Evidence

The panel determined there is strong evidence 
supporting this recommendation; several 
studies with diverse student samples—mostly 
taking place in the United States, with middle 
school students—consistently found that using 
visual representations improved problem-solv-
ing achievement (see Table D.3).214

Both general-education students and students 
with disabilities performed better when specifi-
cally taught how to use different visual repre-
sentations for different types of problems:215 
for example, to identify and map relevant 
information onto schematic diagrams216 and to 
integrate visual representations.217 One study 
further suggested that student achievement 
increases more when students learn how to 
design, develop, and improve their own repre-
sentations than when students use teacher- or 
textbook-developed visuals.218

Selecting visuals.219 Several studies consis-
tently found positive results when students 
were taught to use visual representations to 
solve problems.220 For example, four studies  
taught students to solve numbers-and-oper-
ations word problems with only schematic 
diagrams.221 In another study, the authors 
taught 7th-grade students to use a linking 
table to overcome students’ mistaken intuitive 
beliefs about multiplication and division.222 
Each study found positive effects compared to 
students who received traditional instruction.

Using visuals. Multiple studies with positive 
results involved teachers providing different 
types of visual representations for different 
types of problems.223 For example, in one 
study, middle school students received papers 
listing the prominent features of two differ-
ent kinds of problems (e.g., for proportion 
problems, “There are two pairs of associations 
between two things that involve four quanti-
ties”).224 Students then used type-specific 

diagrams to represent these problems. Initially, 
student worksheets included just one kind of 
problem, but after students learned how to 
solve both, worksheets with multiple problem 
types were presented, and students could 
compare them. Students receiving this instruc-
tion scored higher than comparison students 
who were taught using the textbook. Teachers 
in the comparison condition also modeled how 
to use representations to represent informa-
tion in problems.

In another study, students practiced identifying 
different problem types and then mapping the 
features of each on a schematic diagram.225 
Practice problems were grouped by problem 
type, with students identifying the critical 
elements. Teachers also repeated explicit 
instructions in order to provide strategy steps 
and clarify misconceptions. Students receiving 
this intervention had higher achievement than 
students in the comparison group on both a 
posttest conducted one to two weeks after 
the intervention and a transfer test that used 
problems taken from a textbook. These posi-
tive effects persisted for four months after the 
intervention; however, the intervention had no 
discernible effects on a state standardized test. 

Supplemental evidence comes from one 
single-case design study in which students 
were taught how to use visual representa-
tions. The study found no evidence of an 
effect.226 Teachers demonstrated the diagram-
mapping process and instructed 6th- and 
7th-grade students with learning disabilities 
on how to represent the diagram information 
as a mathematical sentence. Students were 
taught to identify different types of addition 
and subtraction problems.227

Translating visuals. In two studies involving 
students with learning disabilities or mild disabil-
ities, students were taught to diagram story situ-
ations that contained all necessary information. 
Later, teachers presented these students with 
word problems and asked them to represent 
unknown information with question marks.228  
In one of the studies, instruction emphasized 
that the ultimate mathematical equation could 
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be derived directly from the word problem dia-
gram.229 Similarly, instruction in the other study 
suggested that the mathematical equation 

Study Comparison Duration Students Math Content Outcomes231 Effect Size

Jitendra et al. 
(1998) 
Randomized 
controlled trial

Instruction in the use of 
a visual representation 
(schematic drawing) vs. 
traditional instruction

Between 17 and 
20 sessions, 
each lasting 
40–45 minutes

A total of 34 
students in 
grades 2–5 
in the United 
States232 (most 
students had 
mild disabilities)

Word problems 
involving 
numbers and 
operations

Posttest 0.56, ns

Maintenance 
(one to two 
weeks after 
intervention)

0.85**

Transfer 
(one day after 
posttest)

1.01**

Jitendra et al. 
(2009) 
Randomized 
controlled trial

Instruction in the use of 
a visual representation 
(schematic drawing)233 
vs. traditional instruction

A total of 
10 sessions, 
each lasting 
40 minutes

A total of 148 
students in the 
7th grade in the 
United States

Word problems 
involving 
numbers and 
operations 

Posttest 0.33, ns

Maintenance 
(four months 
after posttest)

0.38, ns

State assessment Transfer 0.08, ns

Jitendra et al. 
(2010) 
Randomized 
controlled trial

Instruction in the use of 
a visual representation 
(schematic drawing)234 
vs. traditional instruction

A total of 
29 sessions, 
each lasting 
50 minutes

A total of 472 
students in the 
7th grade in the 
United States

Word problems 
involving 
numbers and 
operations

Posttest 0.21**

Maintenance 
(one month 
after posttest)

0.09, ns

Transfer –0.01, ns

Selke et al. (1991)  
Randomized  
controlled trial

Instruction in the use of 
a visual representation 
(data table) vs. instruction 
in a substitution strategy

A total of 
10 sessions 
during regular 
math class

A total of 107 
students in the 
7th grade in the 
United States

Word problems 
involving 
numbers and 
operations235

Posttest 
(average of 
two subtests)

1.29**

Xin et al. (2005) 
Randomized 
controlled trial

Instruction in the use of 
a visual representation 
(schematic drawing)  
vs. traditional instruction,  
including the use of a 
semi-concrete repre-
sentation to represent 
information

A total of 
12 sessions, 
each lasting 
one hour

A total of 22  
students in 
grades 6–8 
in the United 
States (most stu-
dents had learn-
ing disabilities)

Word problems 
involving 
numbers and 
operations 

Posttest 1.87**

Maintenance 
(administered 
3–12 weeks 
after 
intervention)236

3.03**

Transfer 1.51**

Student-Generated Visual Representations

Terwel et al. 
(2009) 
Randomized 
controlled trial

Instruction to students on 
generating their own visu-
als vs. providing students 
with teacher-made visuals

A total of 
13 sessions, 
each lasting 
one hour, across 
three weeks

A total of 238 
students in the 
5th grade in the 
Netherlands

Word problems 
involving data 
analysis and 
probability

Posttest 0.41, ns

Transfer 0.64**

Table D.4. Studies of interventions that used visual representations and contribute 
to the level of evidence rating

** = statistically significant at 0.05 level
* = statistically significant at 0.10 level
ns = not statistically significant

could be identified directly from a data table.230 
Both studies found positive effects.
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Recommendation 4. Expose students to 
multiple problem-solving strategies.

Level of evidence: Moderate Evidence

Eight studies found positive effects of teach-
ing and encouraging multiple problem-
solving strategies, although in some studies, 
the effects were not consistent across all 
types of outcomes.240 Three studies involv-
ing students with no or limited knowledge 
of algebra found negative effects for some 
algebra outcomes, but these students had not 
developed sufficient skills in a domain before 
multiple-strategies instruction. Consequently, 
the panel determined that there is moderate 
evidence to support this recommendation. 
Six of the seven studies that examined proce-
dural flexibility—the ability to apply multiple 
problem-solving approaches—found that 
teaching multiple problem-solving strategies, 
either by instruction, worked examples, or 
prompting, improved students’ procedural 
flexibility (see Table D.4).241 Yet teaching mul-
tiple strategies had mixed effects on students’ 
procedural knowledge, or ability to solve 
problems correctly, with five studies report-
ing positive effects on posttests, two stud-
ies reporting no discernible effects, and the 
three studies involving students with no or 
minimal algebra knowledge reporting nega-
tive effects on algebra procedural knowledge 
outcomes.242 Effects on conceptual knowl-
edge of mathematics were inconsistent, with 
two studies finding no discernible effects, one 
study finding positive effects, and one study 
finding that the effects depended on baseline 
knowledge in the domain.243

Multiple-strategies instruction. Two stud-
ies involving multiple-strategies instruction 

found positive effects on procedural knowl-
edge; however, because both of these inter-
ventions incorporated multiple components, 
the panel could not attribute their results 
solely to multiple-strategies instruction.
One of the studies included instruction that 
emphasized different solution strategies.244 
Teachers directly taught a variety of solu-
tion methods—unit-rate strategies, cross 
multiplication, and equivalent fractions—to 
solve ratio-and-proportion word problems, 
and students learned to identify when a 
particular strategy was appropriate. Seventh-
grade students who received this instruction 
for 10 sessions made greater achievement 
gains than students who received traditional 
lessons including direct instruction, worked 
examples, and guided practice. The second 
study used a similar intervention but with 
more instruction time and professional 
development.245

In another study, 8th-grade students in 
Germany were taught to work forward and 
backward, as needed, to solve problems 
during an after-school tutoring program.246 
These students performed significantly better 
than students who received no after-school 
tutoring. However, because the comparison 
students received no organized instruction, 
the panel is unsure whether this result applies 
to classroom settings.

A final study involving received a brief, 
eight-minute period of strategy instruction.247 
An instructor solved three equations on a 
blackboard using different strategies. For 
each equation, the instructor used the strat-
egy that led to the most efficient solution to 
each problem. Students were not told why 
a particular strategy was selected. Prior to 

Study Comparison Duration Students Math Content237 Outcome Effect Size238 

Jitendra et al. 
(1999) 
Single-case 
design

Instruction in the use of 
a visual representation 
(schematic diagram)239  
vs. no instruction

Unknown 
number of 
sessions, 
each lasting  
45 minutes

Four 6th- and 7th- 
grade students 
with learning  
disabilities in the 
United States

Word problems 
involving 
numbers and 
operations

Repeated 
measurement

No evidence

Table D.5. Supplemental evidence supporting the effectiveness of Recommendation 3



Appendix D (continued)Appendix D (continued)

this instruction, none of the participants had 
received formal instruction on equation solv-
ing. There were no discernable effects for this 
brief intervention.

Worked examples. Three of the four studies 
examining this intervention found that teach-
ing students to compare multiple strategies 
on worked examples improved procedural 
flexibility—but these studies also found that 
the effects on procedural and conceptual 
knowledge were sometimes positive and 
sometimes not discernible.248 In each of 
these studies, students worked in pairs, and 
the researchers manipulated only how the 
worked examples were presented. Both inter-
vention and control students were exposed 
to multiple solution strategies; however, the 
comparison of the multiple solution strategies 
was only facilitated for intervention students. 

For example, all students in one study 
reviewed packets of worked examples, in 
which half the worked examples presented 
the conventional solution method and half 
presented a shortcut solution method.249 
On each page, two worked examples were 
presented side-by-side as a pair. For the inter-
vention group, each worked-example pair 
contained the same equation, solved using 
both the conventional and shortcut strategies. 
In the control group, each worked-example 
pair contained two different problems solved 
with the same solution strategy. Thus, only 
the intervention condition facilitated compari-
sons between different strategies. Students 
were also presented with practice problems. 
In the intervention condition, students were 
asked to solve two practice problems using 
two different strategies for each, while control 
students received four different equations 
and were not asked to use different strate-
gies. Intervention students scored higher than 
control students on measures of conceptual 
knowledge and procedural flexibility, and 
this impact persisted for two weeks after the 
intervention ended. However, there were no 
discernible differences between groups on 
procedural knowledge.

The other two studies facilitated multiple-strat-
egy comparison for intervention students by 
providing worked-example packets with each 
worked example solved in two different ways 
on the same page; control students received 
the same number of worked examples, but 
each of the problems was different and pre-
sented on a separate page.250 In the first study, 
7th-grade students solved algebra problems; 
this study found that facilitating multiple-
strategies comparison improved both proce-
dural knowledge and procedural flexibility, 
but that there was no impact on conceptual 
knowledge. The second study involved mul-
tiplication estimation problems and found no 
discernible effects on procedural or conceptual 
knowledge, either immediately or after two 
weeks; it did, however, find a positive effect 
on procedural flexibility that persisted for two 
weeks after the intervention ended.

The fourth study had a similar intervention, 
but the participants were students with no 
or limited pretest algebra knowledge.251 
Specifically, the study involved two groups of 
students: students who never used an alge-
braic problem-solving approach on a pretest, 
and students who attempted an algebraic 
approach, correctly or incorrectly.252 (Even 
the second group of students had limited 
algebra problem-solving skills—roughly 
two-thirds used algebra incorrectly on the 
pretest.) All participants were 7th- and 8th-
grade students at a low-performing middle 
school. The intervention facilitated multiple-
strategy comparison for intervention students 
by providing worked-example packets with 
each example solved in two different ways 
on the same page, while control students 
received packets with the worked examples 
on a different page. Additionally, at the end of 
the three daily sessions, intervention students 
were presented with two problems and asked 
to solve each of the problems using two dif-
ferent solution methods, while control stu-
dents were presented with four problems and 
allowed to choose their solution method. For 
the students who did not attempt algebraic 
problem solving on the pretest, the study 
found the intervention had negative effects 
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on procedural knowledge, conceptual knowl-
edge, and procedural flexibility. However, 
there were no discernible effects on any of 
these outcomes for students who attempted 
an algebraic approach on the pretest.253

Generating and sharing multiple strategies.  
Four studies, with one study involving two 
comparisons, examined this approach, with 
three comparisons focusing on procedural 
knowledge and finding mixed effects, and 
three comparisons focusing on procedural 
flexibility and finding positive effects.

Of the three studies that examined proce-
dural knowledge, one study found a posi-
tive effect and two studies found negative 
effects.254 The panel believes these different 
findings result from important differences 
in the student samples and how students 
were prompted to generate and share mul-
tiple strategies.255 In the study with positive 
results, there are two comparisons related to 
this recommendation: one involved individual 
students generating multiple strategies, and 
the other considered pairs of students col-
laborating to generate multiple strategies.256 
Students in both groups also shared strategies 
and answers after solving an initial problem, 
and they also used instructional components 
such as manipulatives. In the comparison 
group, multiple strategies were not discussed, 
and students completed their work individu-
ally after being provided with solution steps. 
Although both interventions had positive 
effects on procedural knowledge, the effect 
size for the two-person group comparison 
was about twice as large. Pretest scores 
indicate that the 3rd- and 4th-grade student 
sample had some relevant problem-solving 

knowledge, even though participants scored 
in the lower half of pretest achievement. 

In the two studies with negative findings on 
procedural knowledge, participants did not 
have basic algebra knowledge, and the inter-
ventions involved algebra. In the first study, 
intervention students were prompted to gen-
erate multiple strategies by simply reordering 
problem-solving steps, while comparison 
students were not prompted.257 No teacher 
instruction or student sharing took place. 
None of the participants had received formal 
instruction on equation solving in school. 
Participants in the second study were 6th-
graders with no baseline algebra knowledge 
who received a 30-minute lesson on equation 
solving and then practiced solving algebra 
problems.258 Intervention students were given 
algebra problems they had previously solved 
and were asked to re-solve them using a 
different ordering of steps, while comparison 
students were not given instructions but were 
provided with additional, similar problems. 
The panel noted that both studies found posi-
tive effects on procedural flexibility—a more 
aligned outcome.

This procedural-flexibility finding was sup-
ported by another study, this one involving 
8- and 9-year-olds in the United Kingdom.259

Working on computers, intervention students
were provided with a monetary amount
(represented with coins) and asked to develop
other combinations of coins that would total
the same amount. These students scored
significantly higher on procedural flexibility
than comparison students, who did not use
the computer program and were not asked to
generate multiple combinations.
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Study Comparison Duration Students
Math 
Content

Domain and 
Outcome

Effect 
Size

Instruction in Multiple Strategies

Jitendra et al. 
(2009) 
Randomized 
controlled trial

Instruction in problem- 
specific multiple strategies260 
vs. traditional instruction

A total of 
10 daily 
sessions, 
each lasting 
40 minutes

A total of 148 
students in 
the 7th grade 
in the United 
States

Word problems  
involving 
numbers and 
operations

Procedural posttest 0.33, ns

Procedural mainte-
nance (four months 
after posttest)

0.38, ns

State 
assessment

Procedural transfer 0.08, ns

Jitendra et al. 
(2010) 
Randomized 
controlled trial

Instruction in problem- 
specific multiple strategies261 
vs. traditional instruction

A total of 
29 sessions, 
each lasting 
50 minutes

A total of 472 
students in 
the 7th grade 
in the United 
States

Word problems  
involving 
numbers and 
operations

Procedural posttest 0.21**

Procedural mainte-
nance (one month 
after posttest)

0.09, ns

Transfer –0.01, ns

Perels et al. 
(2005)262 
Randomized 
controlled trial

Instruction in generic multi-
ple strategies after school263 
vs. no instruction

A total of 
six weekly 
sessions, 
each lasting 
90 minutes

Approxi-
mately 116 
students in the 
8th grade in 
Germany

Word problems  
involving 
general math 
achievement

Procedural posttest 0.46**

Star and Rittle-
Johnson (2008) 
Randomized  
controlled trial264

Demonstration of most  
efficient strategy to solve 
three different equations vs. 
additional time to practice 
solving equations 

A total of  
five sessions, 
each lasting one 
hour, conducted 
on consecutive 
days during the 
summer

A total of 66 
students in the 
6th and 7th 
grades in the 
United States

Algebra 
equations

Procedural posttest 0.02, ns

Procedural transfer 0.06, ns

Flexibility posttest 
(average of three 
measures)

0.23, ns

Worked Examples with Students Comparing Strategies

Rittle-Johnson 
and Star (2007) 
Randomized 
controlled trial

Students comparing worked 
examples solved with multiple 
strategies vs. students study-
ing worked examples solved 
with multiple strategies

A total of 
two sessions, 
each lasting 
45 minutes, 
across two days

A total of 70 
students in 
the 7th grade 
in the United 
States

Algebra 
equations

Procedural posttest 0.08**

Conceptual posttest –0.04, ns

Flexibility posttest 0.10**

Rittle-Johnson 
and Star (2009) 
Randomized 
controlled trial

Students comparing worked 
examples of one problem 
solved using multiple strate-
gies vs. students comparing 
worked examples of equiva-
lent problems solved with 
the same strategy

Three 
consecutive 
class periods

A total of 98 
students in the 
7th and 8th 
grades in the 
United States

Algebra 
equations

Procedural 
posttest265

–0.14,
ns266

Procedural mainte-
nance (two weeks 
after posttest)

0.01, ns

Conceptual posttest 0.36*

Conceptual mainte-
nance (two weeks 
after posttest)

0.29, ns

Flexibility posttest 
(average of two 
measures)

0.36*

Flexibility mainte-
nance (two weeks 
after posttest, aver-
age of two measures)

0.50**

Rittle-Johnson  
et al. (2009) 
Randomized  
controlled trial  
Students not using 
algebra on pretest 

Students comparing worked 
examples of one problem 
solved using multiple strate-
gies vs. students studying 
worked examples solved 
with multiple strategies

A total of three 
daily sessions, 
each lasting 
approximately 
45 minutes

55 students 
in the 7th and 
8th grades 
in the United 
States

Algebra 
equations

Procedural 
posttest

–0.45*267

Conceptual 
posttest

–0.33*

Flexibility posttest –0.35, ns

Table D.6. Studies of interventions that involved multiple problem-solving strategies 
and contribute to the level of evidence rating

(continued)
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Study Comparison Duration Students
Math 
Content

Domain and 
Outcome

Effect 
Size

Rittle-Johnson et 
al. (2009) 
Randomized 
controlled trial 
Students using 
some algebra on 
pretest

Students comparing worked 
examples of one problem 
solved using multiple strate-
gies vs. students studying 
worked examples solved 
with multiple strategies

A total of 
three daily 
sessions, 
each lasting 
approximately  
45 minutes

55 students 
in the 7th and 
8th grades 
in the United 
States

Algebra 
equations

Procedural 
posttest

0.19, 
ns268

Conceptual 
posttest

–0.13, ns

Flexibility posttest 0.12, ns

Star and Rittle-
Johnson (2009a) 
Randomized 
controlled trial

Students comparing worked 
examples solved with mul-
tiple strategies vs. students 
studying worked exam-
ples solved with multiple 
strategies

A total of 
three sessions, 
each lasting 
40 minutes

A total of 157 
students in the 
5th and 6th 
grades in the 
United States

Numbers and 
operations 
estimation

Conceptual 
posttest269

–0.06, ns

Conceptual mainte-
nance (two weeks 
after posttest)

0.00, ns

Flexibility posttest 0.43**

Flexibility mainte-
nance (two weeks 
after posttest)

0.30*

Students Generating and Sharing Multiple Strategies

Ainsworth et al. 
(1998) 
Randomized 
controlled trial

Students generating multiple 
strategies vs. no treatment

A total of 
two sessions, 
with a total 
time of 60–90 
minutes

A total of 48 
students 
(average age 9) 
in the United 
Kingdom

Problem solv-
ing involving 
numbers and 
operations

Flexibility posttest 1.30**

Flexibility  
maintenance 
(delay after post-
test not reported)

1.01**

Ginsburg-Block 
and Fantuzzo 
(1998) 
Randomized 
controlled trial

Students solving a problem  
with a partner, sharing their 
strategy and solution with the 
larger group, and then gener-
ating multiple strategies with 
a partner vs. students solving 
problems individually without 
generating or sharing mul-
tiple strategies

A total of 
14 sessions, 
each lasting 
30 minutes

A total of 52 
students in 
the 3rd and 
4th grades 
in the United 
States270

Word problems  
involving 
numbers and 
operations

Procedural 
posttest271

0.76*272

Ginsburg-Block 
and Fantuzzo 
(1998) 
Additional 
comparison273

Students solving a problem, 
sharing their strategy and so-
lutions with the larger group, 
and then generating multiple 
strategies individually274 vs. 
students solving problems in-
dividually without generating 
or sharing multiple strategies 

A total of 
14 sessions, 
each lasting 
30 minutes

A total of 52 
students in 
the 3rd and 
4th grades 
in the United 
States275

Word problems  
involving 
numbers and 
operations

Procedural 
posttest276

0.32, 
ns277 

Star and Rittle-
Johnson (2008) 
Randomized  
controlled trial278

Students being prompted to 
generate multiple strategies 
by resolving problems using 
different ordering of steps 
vs. students solving similar 
problems without being 
prompted to generate  
multiple strategies 

A total of five 
sessions, each 
lasting one hour, 
conducted on 
consecutive 
days during 
the summer

A total of 63 
students in the 
6th and 7th 
grades in the 
United States

Algebra 
equations

Procedural posttest –0.35

Procedural transfer –0.11, ns

Flexibility posttest 
(average of three 
measures)

0.44*

Star and Seifert 
(2006) 
Randomized 
controlled trial

Students were given prob-
lems they had previously 
solved and were asked to  
re-solve using a different  
ordering of steps vs. students 
solving similar problems

A total of 
three one-hour 
sessions

A total of 
32 students 
in the 6th 
grade in the 
United States

Algebra 
problems

Procedural posttest –0.35, ns

Flexibility posttest 0.43, ns

Table D.6. Studies of interventions that involved multiple problem-solving strategies 
and contribute to the level of evidence rating (continued)

** = statistically significant at 0.05 level
* = statistically significant at 0.10 level
ns = not statistically significant
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Recommendation 5. Help students 
recognize and articulate mathematical 
concepts and notation.

Level of evidence: Moderate Evidence

Three studies directly support two sugges-
tions of this recommendation (see Table D.7), 
and non-robust findings exist for another 
suggestion; overall, the panel believes a 
moderate level of evidence supports the full 
recommendation.279 The first suggestion, 
relating problem solving to mathematical con-
cepts, was supported by a study finding that 
student achievement improved when teachers 
discussed mathematics problems conceptually 
(without numbers) and then represented them 
visually before focusing on the mathematical 
operations and notation.280 Two other stud-
ies that tested the impact of teaching algebra 
notation to students, another suggestion, 
found positive effects.281 Finally, three studies 
examined student self-explanation, the sec-
ond suggestion. The results were inconsistent 
across the studies, with two studies reporting 
positive effects and one reporting no discern-
ible effects.282

Relating mathematics to problem solving.  
One study meeting WWC standards found 
that discussing problem structure and visual 
representation prior to formulating and com-
puting math problems had positive effects 
on student achievement.283 In the intervention, 
teachers discussed word problems with 4th-
grade students without using numbers, to 
encourage students to think about problem 
structure and apply their informal mathematical  
knowledge. Students then visually represented 
the problems; teachers also modeled the 
representation and discussed it with students. 
Only after these conceptual processes did 
students write a number sentence and solve 
the problem. Comparison students received 
practice worksheets with the same problems. 
Intervention students scored higher than 
comparison students on multiplication and 
division word problems, and this positive 
effect persisted for at least two months after 
the intervention ended.284

Student explanation. Three studies used 
worked examples to examine student self-
explanation of the solution process. Results 
were not robust, with two studies finding 
positive results and one study finding no 
discernible effects.285 These four studies had 
diverse student samples and were conducted 
in four different countries, with students 
ranging from 4th to 9th grade.286 The math-
ematical content also was varied, ranging 
from numbers and operations to algebra.287 
The intervention details varied as well.

In one study, teachers had students complete 
four in-class assignments.288 For intervention 
students, these assignments included 5 to 6 
worked examples, some solved correctly and 
some solved incorrectly, and students were 
asked to explain why the solutions were cor-
rect or incorrect. Intervention students also 
received 5 to 6 practice problems to solve. 
Comparison students received 10 to 12 prac-
tice problems only. The authors found positive 
effects on the conceptual knowledge posttest.

In the two other studies, all students received 
worked examples, but only students in the 
intervention group were asked to explain 
each step in the process. Intervention stu-
dents in the first of these were asked to 
self-explain each step in the problem-solving 
process. These students were able to solve 
significantly more word problems than stu-
dents who were asked to review only the 
problems and learn each step.289 This posi-
tive effect persisted for one month after the 
intervention ended. Intervention students 
in the second study were asked to pretend 
they were explaining each step in the worked 
examples to another student; students in the 
comparison condition were asked to study the 
worked examples until they understood how 
the problems were solved.290 This interven-
tion had no discernible effects.

Algebraic problem solving. Two studies 
meeting WWC standards directly tested the 
effect of helping students make sense of alge-
braic notation. The first study used an algebra 
tutoring program to change the order of steps 
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high school students took to solve algebra 
problems—a slight change that had a statisti-
cally significant effect on later achievement.291 
The authors proposed that solving intermedi-
ate arithmetic problems before representing 
them with algebraic notation helps students 
understand problem structure using the math-
ematical knowledge (arithmetic) they already 
possess, and students can then use this exist-
ing knowledge to more easily determine alge-
braic notation.292 In the intervention condition, 
students were asked to solve two intermediate 
arithmetic problems before providing algebraic 
notation, while in the comparison condition 
students were asked to provide algebraic nota-
tion first. Students in both groups then solved 
new algebra word problems, and the authors 

reported that the intervention students solved 
more problems correctly.293

The second study examined two-step word 
problems in which students had to substitute 
one algebraic expression into another.294 Stu-
dents in the intervention condition were given 
four symbolic problems that required them 
to substitute one expression into another (for 
example, “Substitute 62 – f for b in 62 + b.”).  
Comparison students were asked to solve 
four one-step word problems; these word 
problems were very similar in format to one 
step of the two-step word problems that 
were the outcomes. The authors found that 
students in the intervention group correctly 
solved more two-step word problems.
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Table D.7. Studies of interventions that helped students recognize and articulate concepts 
and contribute to the level of evidence rating

** = statistically significant at 0.05 level
* = statistically significant at 0.10 level
ns = not statistically significant

Study Comparison Duration Students Math Content Outcome295 Effect Size

Relating to Conceptual Understanding

Huinker (1992) 
Randomized 
controlled trial

Student and teacher  
discussion of problem 
representation and  
connection to a math-
ematical operation prior 
to formal mathematics296 
vs. solving practice 
problems 

A total of 
18 lessons

A total of 128 
students in the 
4th grade in the 
United States

Word problems 
involving 
numbers and 
operations 

Posttest297 1.21**

Retention 
(two to three 
months after 
posttest)

1.24**

Student Explanation of Worked Examples

Booth et al. 
(2010) 
Randomized 
controlled trial

Students presented with 
worked examples and 
asked to explain why the 
solution was correct or 
incorrect vs. students 
given similar problems 
to solve

Four 
sessions

A total of 51 
high school 
students in the 
United States298

Algebra Conceptual 
posttest299 

0.50*

Mwangi and 
Sweller (1998)300 

Randomized 
controlled trial

Students asked to ex-
plain each step in worked 
examples vs. students 
asked to study worked 
examples until they un-
derstand the solution

One 
session

A total of 48 
students in the 
4th grade in 
Australia

Word problems 
involving 
numbers and 
operations

Posttest 0.00, ns

Retention 
(10 days after 
posttest)

–0.21, ns

Transfer 
(10 days after 
posttest)

–0.11, ns

Tajika et al. 
(2007) 
Quasi-experi-
mental design

Students asked to 
explain each step in 
worked examples vs. 
students provided with 
explanations for each 
step in worked examples 
and told to study them

One 
20-minute
session

A total of 53 
students in the 
6th grade in 
Japan

Word problems 
involving 
numbers and 
operations 

Posttest 
(one week after 
intervention)

0.93**

Transfer 
(one month 
after posttest)

0.58**

Making Sense of Algebra Notation

Koedinger and 
Anderson (1998) 
Randomized 
controlled trial

Students asked to solve 
related arithmetic ques-
tions before being asked 
to represent the problem 
algebraically vs. stu-
dents asked to represent 
problems algebraically 
before solving related 
arithmetic questions 

Two 
sessions, 
each lasting 
one to two 
hours

A total of 20 
high school 
students in the 
United States301

Word problems 
involving 
general math 
achievement 
(algebra and 
numbers and 
operations)

Posttest Not reported 
(p < 0.05)

Koedinger and 
McLaughlin 
(2010) 
Randomized 
controlled trial

Students given practice 
word problems that in-
volved substituting one 
algebraic expression 
into another vs. students 
given practice word 
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Mathematics Curriculum Framework for Early Childhood 
Education Based on Science, Technology, Engineering and 

Mathematics (STEM) 

ABSTRACT 
Background: Nowadays, the attention to integrate Science, Technology, Engineering and 
Mathematics (STEM) education to the existing curriculum is widely increasing around the world. 
In the early childhood education settings, many researchers have discussed the importance of 
early introduction to STEM education for children. However, the initiatives for curriculum 

development, teacher’s preparation and standardisation in the early childhood setting are still 
limited in Malaysia. Therefore, this study aims to develop mathematics curriculum framework and 
activities for early childhood education based on STEM specifically for three- to four-year old 
children. In this study, the mathematics curriculum frameworks and activities based on STEM were 
developed according to the ADDIE model. A total of eight respondents consisting of experts and 
teachers participated in this study. The evaluation forms were distributed to the respondents to 
gather their feedback on the developed mathematics curriculum framework and activities for early 
childhood education based on STEM 
Results: From the data obtained, it can be concluded that the respondents give positive feedback 
on the developed mathematics curriculum framework and activities. However, there are still some 
rooms for improvement, the comments and recommendations from the respondents that will be 
used for future improvement of the developed products. 
Conclusions: Hence, from this study, it is hoped that more efforts and studies could be conducted 
by many parties to promote STEM in early childhood education. 

Keywords: mathematics curriculum framework, early childhood education, STEM 

INTRODUCTION 
Education plays an important role in nurturing children. A high-quality education is crucial in 

developing individuals who are prepared for the challenges of globalisation. Studies have shown that early 
childhood is a fundamental stage in education. Early childhood is the formative period which includes 
critical stages in the development of an individual. Given this fact, research on children’s learning in the first 
six years of their life has demonstrated the importance of early experiences in mathematics. A joint 
statement by the National Council of Teachers of Mathematics (NCTM) and the National Association for the 
Education of Young Children (NAEYC) (adopted 2002, updated in 2010) highlights that “a high-quality, 
challenging, and accessible 
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mathematics education for three- to six-year old children is a vital foundation for future mathematics 
learning”. Therefore, introducing mathematics as early as three years old is crucial for children in helping 
them make sense of real-world situations and construct a solid foundation for success in primary schools. 

Malaysia has taken steps to prepare for the aforementioned challenges by introducing Science, Technology, 
Engineering and Mathematics (STEM) in the Malaysia Education Blueprint (2013-2015). According to 
Sneideman (2013), STEM is a philosophy or a way of thinking in which Science, Technology, Engineering, and 
Mathematics are integrated or combined into one field of education that encourages students to think in a 
more connected and holistic way. This is because STEM education emphasises aspects of reality and 
practicality in which students are able to learn Science and Mathematics through the application of technology 
and engineering in real, realistic, and meaningful ways. Furthermore, studies have shown that children’s 
earliest experiences with science, technology, engineering, and mathematics will predict future engagement 
and success in these fields. A high-quality STEM experiences may provide engagement, confidence, curiosity, 
and understanding for younger students towards the integrated STEM disciplines. In addition, according to a 
policy report by the Early Childhood STEM Working Group (2017), providing positive opportunities from early 
years is crucial in nurturing young students’ attitudes and beliefs on their ability to succeed in STEM fields. 
These positive experiences help children develop dispositions such as curiosity, imagination, flexibility, 
inventiveness, and persistence which contribute to their future success beyond the school environment. At the 
same time, the country’s goal in developing workforce for STEM-related careers - such as scientists, engineers, 
mathematicians, and technologists - can be achieved. 

RESEARCH BACKGROUND 
Nordin (2012) reveals that, in Malaysia, students’ enrolment in the science stream has dropped in 2012 to 

as low as 29%. Based on the Science and Technology in Human Capital Report and Science Outlook by the 
National Academy of Science (2015), the country needs at least 270,000 science-stream students sitting for the 
Malaysian Certificate of Education (SPM) examination annually. However, to date, there are approximately 
90,000 students who take up the science stream. It seems that Malaysia still has a long way to go before 
reaching the target ratio of 60:40 for the number of students enrolling in STEM versus non-STEM programmes 
at the tertiary level. In the future, if the same situation persists, Malaysia will face a serious shortage of 
human capital in the science fields as the students’ enrolment target is not met annually at both primary and 
tertiary levels. Besides the reduced number of students’ enrolment in the science stream, the lack of 
mathematics skills among Malaysian students is also worrying. This can be observed in the below-average 
achievement of Malaysian students in the Trends in International Mathematics and Science Study (TIMSS) 
2015 assessment and the Programme for International Student Assessment (PISA) 2015. According to the 
Malaysian Ministry of Education (2013), 30% of the questions in TIMSS are knowledge-level questions and 
35% are analysis-level and reasoning questions. This shows that more than half of the questions include 
Higher-Order Thinking Skills (HOTS). Based on the result of these assessments, it can be seen that Malaysian 
students are less exposed to HOTS questions which involve non-routine and open-ended problems. It seems 
that the students face difficulties in terms of reasoning and connecting the knowledge that they have learned. 

 In addition, a report by the Malaysian Ministry of Science, Technology, and Innovation (2008) reveals that 
more than one-third of Malaysian students express a lack of interest in Science and Technology. Moreover, Ali 
(2012) asserts that “though the sustenance of competitive advantage of nations depends more and more on 
science and engineering, our primary and secondary schools seem to have a limitation in producing enough 
students with the interest, motivation, and skills they need”. Hence, to achieve one of the goals set by the 
Malaysian Education Blueprint (2013-2025), that is to be above-global average and to be in the top one-third 
of countries in the international education standards by 2025, STEM education is one of the initiatives 
introduced by the Malaysian Ministry of Education. According to Rhoads (2004), the increasing flow in the 
STEM education pipeline is a good way in motivating children to further their interest in science and 
mathematics. Through STEM education, students are able to seek answers to real-life issues and explore 
global problems. 

Moomaw states (2013) states that, “after decades of intense focus on developing literacy skills in early-
childhood programs, today the attention is shifting to the significance of teaching mathematics, technology, 
and science in the early years”. Many developed countries like America, Australia, and Canada have started 
introducing STEM in their early childhood education system. In the Malaysia Education Blueprint (2013-
2025), the initiatives to strengthen STEM across the education system are divided into three phases. The first 
phase, Wave I (2013-2015), focuses on strengthening the foundation of existing programmes and encouraging 
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school students to enrol in the science stream. The second wave, Wave II (2016-2020), emphasises the 
construction of the foundation by engaging the support of a broader group of stakeholders. The third phase, 
Wave III (2021 - 2025), evaluates the successes of the two earlier waves so as to develop roadmaps for further 
innovations. Bybee (2010) says “STEM education is an approach that aims to teach these disciplines as an 
integrated whole, and it covers the whole process from early childhood to higher education”. However, all the 
initiatives taken to strengthen STEM education are limited to the primary, secondary, and tertiary levels. 
There is no emphasis or guidelines in implementing STEM education for early childhood education even 
though, as reported by the Malaysian Department of Statistics, there has been an increase of 1.2% in the 
number of preschool students in government and government-aided schools. 

A report by the Boston Children’s Museum (2013) affirms that, the sooner students engage in real-world 
applications of science, technology, engineering, and mathematics, the better they will be in mastering the 
skills that come with each respective field. However, the lack of early exposure to STEM disciplines among 
younger children may lead to loss of interest and confidence in the STEM disciplines in the future. According 
to Sanders (2009), STEM education aims to improve students’ imagination and develop solutions to challenges 
by ways of applying their mathematical and scientific knowledge in technological design, problem-based 
learning, and authentic scientific inquiry. Therefore, compared to the rigid traditional formal education in 
early childhood education, STEM education offers younger students the resources and opportunities to explore, 
investigate, and develop their own knowledge as active learners. Kumtepe and Genc-Kumtepe (2015) report, 
that until 2013, early childhood education was not included in STEM education’s strategic plans. Soylu (2016) 
claims that countries like United Kingdom, Germany, Ireland and Finland have acknowledged STEM 
education as a priority in their education system. However, a further look into their education programs 
reveals that early childhood education still receives minor concern in these countries. Early childhood 
education has been neglected compared to primary and secondary educations for both funding and research 
in the STEM education plan. Therefore, there is a lack of studies on how to implement STEM education in 
early childhood education.  

Coople and Bredekamp (2009) reported that, in order to promote children’s learning within and across 
STEM disciplines, teachers need to give an appropriate attention to these disciplines while planning the 
curriculum. Therefore, to support this intervention of STEM education, it is necessary to develop a suitable 
curriculum. Soylu (2016) suggested several ways to implement STEM education in early childhood education 
which include hands-on experience and active involvement such as project-based learning and play-based 
learning. Furthermore, Chalufour (2010) claims that teachers in early childhood education need to develop 
their content knowledge in STEM fields and to learn how to implement STEM fields in the classroom with an 
integrated and developmentally appropriate approach. This is because teachers play a crucial role in ensuring 
the effectiveness of STEM learning in early childhood education. Regardless of the approaches used, effort has 
to be taken to develop a suitable curriculum for the integration of STEM education, Ong et al. (2016) has 
shown the feasibility of STEM integration for early childhood education. This is based on two facts - the 
existence of Science and Mathematics subjects in the existing curriculum, and the use of Project-Based Inquiry 
Learning in STEM education which matches the inquisitive nature of children. 

RESEARCH OBJECTIVE 
The general objective of this study is to infuse STEM in the mathematics curriculum framework of the 

existing preschool children’s curriculum. The specific objectives are as follows:  
i. To develop a mathematics curriculum framework for early childhood education based on STEM

specifically for three- to four-year old children.
ii. To develop activities that can demonstrate the mathematics curriculum framework for early childhood

education based on STEM specifically for three- to four-year old children.
iii. To explore teachers’ or experts’ perspectives on the mathematics curriculum framework and activities

for early childhood education based on STEM specifically for three- to four-year old children.

CONCEPTUAL FRAMEWORK 
This research draws on three main theories, which are early childhood development and curriculum 

theories, Science, Technology, Engineering and Mathematics (STEM) education, and the existing curriculum 
in developing the mathematics curriculum framework for early childhood education based on STEM 
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specifically for children aged between three to four years old. Curriculum development theories play a crucial 
role in guiding the researcher in planning the framework. From these theories, appropriate activities and 
learning objectives that suit the student’s needs and age can be derived. In addition, prior research on STEM 
education is a critical foundation that will provide suggestions on how to implement STEM in early childhood 
education in Malaysia. Figure 1 shows the conceptual framework of this study. 

 Early childhood development theories are important in supporting the framework developed in this study. 
Many researchers have shared their reactions on the early childhood development. For example, Vygotsky 
(1978) states that “human learning presupposes a specific social nature and a process by which children grow 
into the intellectual life of those around them”. Ralph Tyler, one of the best-known curriculum theorists and 
reformers, highlights four basic principles of curriculum - educational purposes, educational experiences 
provided to fulfil the purposes, effective organisation of the educational experiences, and the determination 
whether the purposes have been fulfilled. Besides, the researcher also refers to the early childhood curriculum 
theory as it suits the needs of younger students. By comparing the existing curriculum with other countries’ 
curricula, it will help the researcher in finding the advantages and disadvantages of the existing curriculum 
and ways to improve it. 

METHODOLOGY 
The development of the mathematics curriculum framework and the activities in this study was based on 

the ADDIE model. There are five phases in the ADDIE model which involves Analysis, Design, Development, 
Implementation and Evaluation. Figure 2 shows the flow chart of the development process in this study. In 
the evaluation phase, the researcher obtained the feedback from the respondents regarding the developed 
products. This study involved eight respondents. Two of them were the experts while the remaining 
respondents were teachers. A set of evaluation forms consisting of marking rubrics were developed to guide 
the teachers and experts in giving their feedback on the developed mathematics curriculum framework and 
activities.The rubric followed the template of rubric by Stevens and Levi (2005). There were five sections in 
the evaluation form. The first section was on the demography of the teachers or experts. The second section 
showed the items for the mathematics curriculum framework based on STEM. The third section provided the 
learning standard of mathematics topics in the curriculum framework based on STEM. The fourth section 
showed the teacher’s guide for the STEM activities proposed by this research. The fifth section contained open-
ended questions on recommendations or constructive comments of the developed product. In sections two to 
four in the evaluation form, nine criteria were listed for asssessment by the researcher. Each ctiteria was then 
divided into two items. Based on the products, the respondent provided marks (points) ranging from one to 
five, following the criteria and item in the evaluation form. Each point represented a statement regarding the 
products. The data obtained was then analysed using descriptive statistics. 

Figure 1. Conceptual framework of the study 
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 FINDINGS 

Analysis 

The analysis phase was the foundation phase for the design of instructional strategies or programs. The 
analysis phase involved the process of identifying problems and solutions. The purpose of this process was to 
ensure the design of the mathematics curriculum framework would meet the needs of the respective teachers 
and students. In the context of the development of the mathematics curriculum framework and activities, the 
process of analysis involved three main aspects. Based on the three main aspects, several questions were then 
developed and answered through the analysis of past literature. The three main aspects were the analysis of 
children, the analysis of the learning environment, and the analysis of the teaching goals. 

Analysis of Children 

What are the children’s levels of knowledge in mathematics? 

According to Piaget’s cognitive development theory, the children between two to seven years old have 
several characteristics. The characteristics are increasing in language ability, symbolic thought, egocentric 
perspective and limited logic. At this level, the children started to make rational thought, understand numbers 
and their operations. However, the children may have a hard time for reverse operations. For example, the 
children may understand 2 plus 5 is equal to seven, but they cannot perform the reverse operation of taking 5 
from 7 is 2. At this level, children’s perceptions are generally restricted to one aspect or dimension. This 
statement is derived through an experiment in which Piaget tests the concept of conversation by pouring the 
same amount of liquid into two different containers. As the level is lower in the wider container, the children 

Figure 2. Flow Chart of the Development Process 
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think there is less amount of liquid in that particular container. This shows the children at this level of age 
use one dimension, which is height, as the basis for his or her decision making. Hence, appropriate ways have 
to be taken in promoting children’s cognitive development. 

What are the appropriate mathematics topics for the children? 

There are two main curricula for early childhood education in Malaysia, which are Kurikulum Permata 
and the Kurikulum Standard Prasekolah Kebangsaan (KSPK). After comparing the two curricula, the 
researcher found that the Kurikulum Permata was designed for children from their infancy to four years old, 
whereas KSPK focused for children from four to six years old. In order to ensure the continuation of topics to 
be learned in preschool, the researchers decided to follow KSPK which contained six main topics: Pre-Number 
Experience, Number Concept, Number Operation, Value of Money, Time Concept and Shape and Space.  

What is the importance of early mathematics for the children? 

By introducing early mathematics in early childhood education, children can acquire basic mathematics 
concepts to use in daily life and enhance their thinking and problem-solving skills. This is supported by Slavin 
(2014) who states that early mathematics is a core component of cognition which later predicts future 
mathematics and reading skills. Other than that, past research has shown that early mathematics helps 
children in developing their thinking skills logically, strategically, creatively and critically. Thus, more 
attention should be given to early mathematics topics in developing numeracy skills for younger children. 

Analysis of the Learning Environment 

What are the suitable approaches to attract children to learn early mathematics? 

After comparing several instructional models, the researcher chose the 5E instructional model as the 
suitable approach to attract children to learn mathematics. The 5E instructional model provides a planned 
sequence of instruction that places children at the centre of their learning experiences, encourages them to 
explore, constructs their own understanding of concepts, and relates those understandings to other concepts. 
The 5E instructional model involves five steps of instruction which are engage, explore, explain, extend, and 
evaluate. The five steps in the 5E instructional models are crucial to ensure the teaching and learning session 
can be run smoothly. 

What are the suitable resources or tools that can be implemented in the lesson? 
According to Ojose (2008), children from two to seven years old should be engaged with problem-solving 

tasks that incorporate varieties of available materials such as blocks, sand and water. By using variety of 
materials, children’s critical and creative thinking can be nurtured. 

Analysis of Teaching Goals 

What are the appropriate standard learning outcomes or goals for the children? 

By comparing KSPK with several mathematics curricula in early childhood education in other countries 
such as United Kingdom and Singapore, the researcher developed the revised standard learning outcomes for 
the early mathematics subject (refer Table 2 for the suggested STEM activities to support the standard 
learning outcomes for the three- to four-year old children). The researchers followed the simple definition of 
STEM education in order to incorporate the STEM activities in the lesson. 

DESIGN 
In this phase, the researcher determined the goals to be achieved and carefully identified the important 

elements that should be inserted in the mathematics curriculum framework and activities. The goal of the 
development of the mathematics curriculum framework and activities was to guide teachers on how to 
implement the STEM approach in early childhood education. Based on the analysis phase, the researcher 
identified several important elements that should be inserted in the mathematics curriculum framework and 
activities. The elements comprised six topics that should be contained in the early childhood curriculum, the 
5E instructional models and Science, Technology, Engineering and Mathematics (STEM). Thus, the researcher 
designed the mathematics curriculum framework for early childhood education based on STEM specifically 
for three- to four-year old children as shown in Figure 3. 
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 As shown in Figure 3. the mathematics curriculum framework for early childhood education (3-4 years 
old) based on STEM have six topics, as provided in the early mathematics in KSPK, which are Pre-number 
Experiences, Number Concepts, Number Operation, Value of Money, Time Concept, and Shape and Space. 
Following the mathematics curriculum framework, the lesson is conducted using the 5E instructional model 
which has five steps: Engage, Explore, Explain, Extend, and Evaluate. The 5E instructional model is 
emphasised in this mathematics curriculum framework to ensure the STEM activities can be conducted 
smoothly in class. The 5E instructional model can be adapted for any subject. It provides an easy guide for 
teachers to follow. Through each phase of learning, children have the chance to learn in a different way. The 
following is a description of each of these five steps: 

i. Engage – The objectives of this first step of the 5E model are reaching students, getting their attention
and guiding them to focus on a problem or a question. This step also stimulates their prior knowledge
and helps relate what they have already learned to new concepts.

ii. Explore – In this phase of the 5E model, activities are introduced to provide students with materials
and concepts in order to start to investigate the idea presented. They may discuss ideas with other
students in groups and relate what they have already learned to this new idea. The teachers will know
how much the students already know about the subject of the lesson.

iii. Explain – In this phase, teachers take an active role by introducing more detail in the form of terms,
definitions and explanations for a specific subject or concept. Students begin to talk about their
understanding and show the new skills they have learned.

iv. Extend – In this phase, teachers use activities that are challenging but can be achieved by the students.
The students increase their understanding and begin to sharpen the skills through these learning
experiences. They are encouraged to utilise what they have learned and apply it to a different but
related concept.

v. Evaluate – This final phase is used to evaluate the final outcome. However, the 5E model is designed
so that teachers can evaluate students’ progress throughout the process by using formative assessment.

All the topics in the early mathematics will be integrated with STEM elements by incorporating STEM 
activities. According to Roberts (2016), every STEM activity should have at least two STEM elements in it. 
STEM is an educational program established to prepare the children to further their studies in the fields of 

Figure 3. Mathematics curriculum framework for early childhood education (3-4 years old) based on Science, 
Technology, Engineering and Mathematics (STEM) 
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Science, Technology, Engineering and Mathematics (STEM). In addition, STEM aims to cultivate inquiring 
minds, logical reasoning and collaboration skills needed in 21st century learning. For this purpose, it is 
important to apply STEM elements in preschool teaching and learning. 

DEVELOPMENT 
From the mathematics curriculum framework, the researcher developed standard learning outcomes for 

the six topics in the framework. By comparing several mathematics curriculums in early childhood education 
in other countries such as United Kingdom and Singapore with the KSPK, the researcher developed the 
revised standard learning outcomes for the early mathematics subject. Based on the six main topics in the 
early mathematics that are Pre-number Experiences, Number Concepts, Number Operation, Value of Money, 
Time Concept, and Shape and Space, the researcher developed the standard learning outcomes accordingly. 
For example, the Pre-number Experience topic was divided into several sections of content standard namely: 

i. Matching one to one is the association of similar or different objects. Examples of matching one to one
for four-year old children are as follows:
a. Match identical pairs of things such as shoe-shoe, sock-sock.
b. Match non-identical pairs of things such as fork – spoon, shirt - pants.
c. Match two groups of objects that have equal quantity.

ii. Comparison is a process of associating two objects which uses specific characteristics as a basis for
comparison. Examples of comparison are measurement (long – short), size (big – small), weight (heavy
– light) and quantity (many – a few).

iii. Seriation is the arrangement of more than two objects according to succession based on clear criteria.
For example, small to big, and short to long.

iv. Patterns are the way numbers or objects have been arranged according to a defined pattern.
v. Consistency is an aspect which can be connected to mass, volume and area. The concept of consistency

is introduced to ensure that children will understand the concept of mass and volume even though they
are placed or arranged in differing places or situations. For example, understand that spreading out or
putting closely a group of objects does not affect its quantity and understand that shape of jar does not
affect its amount.

Table 1 shows the example of the standard learning outcomes for the first topic of the early mathematics 
that is Pre-number Experience. From the table, it can be observed that the standard learning outcomes for 
the four-year old children is mainly the continuation of the standard learning outcomes of the three-year old 
children. However, there are several standard learning outcomes that are not appropriate for the three-year 
old children. So, the researcher decided that the content and standard learning outcomes would begin with 
four-year old children. 

After the completion of the standard learning outcomes for each of the topics in the early mathematics, the 
researcher suggested suitable STEM activities for each content standard. Thus, a total of nineteen STEM 
activities were developed in which seven STEM activities were for three-year old children and twelve STEM 
activities were for four-year old children. The STEM activities involved the use of different kinds of materials 
and resources to support the learning need of the children. From the activities developed, the researcher 
emphasized the STEM element that should be focused during the activities. According to Roberts (2016), it is 
enough if the STEM activities integrate at least two STEM elements.  
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Table 2 shows an example of STEM activities for the first content standard in the Pre-number Experience 
topic, which is match object one to one. From Table 2, the activity suggested to achieve the standard learning 
outcomes for the three-year old children is outdoor discovery. In this activity, the teacher will have outdoor 
walks with the children and ask them to collect, match and sort everyday objects to identical and non-identical 
pairs from nature. Outdoor discovery activities help children discover designs and shapes of objects and help 
them recognize identical and non-identical things in the environment. From the outdoor discovery activity, 
the researcher identified three elements of STEM, which are science in which the children discover designs 
and shapes in nature, technology in which the children learn to use magnifying glass, and mathematics in 
which the children learn to match and sort things. Then, the researcher suggested the resources and tools that 
needed for the activity, the worksheet to evaluate the learning of the student, and the recommendation of 
material that the teacher could use to support the activity. 

Table 1. Example of the Standard Learning Outcomes for the First Topic of the Early Mathematics 

Focus Content 
Standard 

Learning Standard 
Children in the following age groups should be able to: 
3+ 4+ 

Pre-number 
Experience 

Match objects 
1:1 

Discover designs and shapes in 
environment. 
Know identical and non- identical 
things. 

Match identical pairs of things e.g. 
shoe-shoe, sock-sock.  
Match non-identical pairs of things, e.g. 
shoe-sock, shirt-pants.  
Match two groups of objects that have 
equal quantity. 

Compare the 
quantity of 
objects 

Compare two different quantities of 
object and state many or few.  

Compare two groups of objects by 
stating: 
(i) equal or not equal
(ii) more or less

Make series 
according to one 
feature. 

Recognise objects based on: 
a. Small or Big
b. Short or Long
c. Low or High
d. Thin or Thick

Arrange the object following the criteria 
below: 

a. Small to Big
b. Short to Long
c. Low to High
d. Thin to Thick

Recognise the 
repetition of 
patterns and 
build patterns. 

Recognize and state patterns in the 
environment 
Copy patterns 

Understand the 
concept of 
consistency. 

Understand that spreading out or 
putting closely a group of objects does 
not affect its quantity.  
Understand that shape of jar does not 
affect its amount. 
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From the suggested STEM activities, the researcher carefully planned the lesson to guide the teachers to 
conduct STEM activities according to the 5E instructional model in the classroom. High-quality STEM 
experiences may provide engagement, confidence, curiosity, and understanding of the younger children 
towards the integrated STEM disciplines. In addition, incorporating the 5E Instructional Model in the STEM 
approach provides positive experiences, which helps children develop dispositions such as curiosity, 
imagination, flexibility, inventiveness, and persistence. These traits will contribute to their future success 
beyond the school environment. Thus, the lesson plans provided in this teacher’s guide are based on using 
STEM as an approach to teach basic mathematics concepts to younger children through the application of the 
5E Instructional Model. This teacher’s guide includes proposed activities that give teachers a sense of idea to 
integrate STEM in their teaching and learning for younger children using the 5E Instructional Model. For the 
lesson plan, the researcher prepared only one for every topic following the suggested STEM activities and 
standard learning outcomes. Figure 4 shows the example of lesson plan for the STEM activity to achieve the 
standard learning outcomes for the three-year old children. 

Table 2. An Example of STEM Activities for the Matching Objects (one to one) in the Pre-Number Experience 
Topics in Early Mathematics 
Focus Content 

Standard 
STEM Activities 
3+ 4+ 

Pre-number 
Experience 

Match 
objects 1:1 

Outdoor Discovery 
Go on outdoor walks with the 
children and ask them to collect, 
match and sort everyday objects to 
identical pairs from nature and let 
the children explore using 
magnifying glass.  
S – Discover designs and shapes in 
nature.  
T – Learn to use magnifying glass. 
M– Match and sort things. 
Resources & tools: 
● Magnifying glass.

Worksheet: 
● Worksheet for matching several

objects based on criteria using a
sticker.

● Colouring a book.
Recommendation: 
● Sticker/ picture story book in

which children can paste the
identical pairs.

Mystery Box 
Children randomly pick an object from the 
mysterious box and find a partner who has 
the identical object to match with the object 
that they get. Repeat the instruction for non- 
identical objects.  
S – Observe what the objects that their peers 
have. 
T –Using the object that they have to find 
their partner. 
E – Create a pair of identical and non-
identical objects. 
M– Pairing objects. 
Resources & tools: 
● Mysterious box with variety of pairs of

objects in it.
● Flashcard for identical and non-identical

objects.
Worksheet: 
● Maths Book & Activity Book 1- Unit 1,

Page 2-3 & 16.
Recommendation: 
● Worksheet: children draw the pairs of the

given picture.
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IMPLEMENTATION AND EVALUATION 
The implementation phase was the phase in which the researcher introduced the mathematics curriculum 

framework and activities to the teachers and experts. In order to ensure that the product was delivered 
effectively, the researcher had to get the feedback from the teachers and experts. The researcher met up with 
two experts. One of them was an expert in STEM education and another one was an expert in early childhood 
education. Other than that, the researcher also met up with six teachers in early childhood education in order 
to introduce the mathematics curriculum framework and activities for the three to four-year old children. The 
researcher compiled the mathematics curriculum framework based on STEM, the standard learning outcomes, 
the suggested STEM activities to achieve the learning outcomes, and the teacher’s guide in a document to 
make it easy for the teachers and experts to understand. Before introducing the mathematics curriculum 
framework and activities, the researcher first explained the need of incorporating STEM education in early 
childhood education. Then, the researchers explained the benefit of using the 5E instructional model in the 
lesson. Finally, the researcher explained the development and key elements of the mathematics curriculum 
framework and activities. 

In this phase, the researcher distributed the evaluation form to the respondents. There were five sections 
in the evaluation form. The first section contained the demographic details of the respondents, the second 
section showed the evaluation for the mathematics curriculum framework based on STEM, the third section 
listed the standard learning outcomes of the mathematics topics, the fourth section displayed the lesson plan 
(teacher’s guide) for the STEM activities, and the last section provided the recommendation. The rubric 
followed the template by Stevens and Levi (2005). For each section, there were nine criteria to be assessed by 
the researcher. The criteria were presentation, content, language, suitability and overall impression. Each of 
the criteria was divided into two items. The respondents gave marks (points) ranging from one to five following 
the criteria and items in the evaluation form. Each point represented a statement regarding the products. 
There was also space for the respondent to give comments and recommendations regarding the products. 

Lesson plan 1: Activity – Outdoor Discovery for the three-year old children 
Objectives: 

i. Discover designs and shapes in environment.
ii. Introduction to identical and non-identical shapes.

Instruction: Go outdoor walks with the children and ask the children to collect, match and sort everyday things from 
nature and let the children explore using a magnifying glass. 

Tools needed: Magnifying glass, related video, songs, flashcard and colouring worksheet. 
Location: Outdoor environment in the kindergarten area. 

The 5E instructional model 
Phase Instruction Notes 

Engage 
1. Children listen, sing and dance to shape songs.

2. Children watch a video or listen to a story told by the teacher
related to things in a real life with identical and non-identical shapes 

in the environment. 

S – Discover designs and 
shapes in nature 

T – Learn to use a 
magnifying glass. 

M– Match identical and non-
identical shapes 

Explore 
1. Children go outside of classroom guided by the teacher and collect

things that interest them the most. 
2. Children use a magnifying glass to explore.

Explain 
1. Children explain, show or illustrate what they observe and collect

from the environment. 
2. Children explain on why they choose a particular object or thing.

Extend 
1. All the things collected are gathered. Then, children in groups are

asked to match and sort the things to identical and non-identical
shapes. 

Evaluate 

1. Children match the identical and non-identical shapes using
flashcards. 

2. Children are given sticker/ picture worksheets in which they can
match and categorize the stickers in the space provided. 

Recommendation: 
i. Story books related to identical and non-identical shapes in the environment

ii. Sticker books in which children can match and categorize the objects in the picture and stick them in the space
provided. 

Figure 4. An example of a lesson plan for the STEM activity to achieve the standard learning outcomes 
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Analysis of Respondent’s Evaluation of the Mathematics Curriculum Framework for 
Early Childhood Education based on STEM 

The second section in the evaluation form aimed to examine the teacher’s feedback regarding the developed 
mathematics curriculum framework for early childhood education based on STEM. The findings from the 
second section are represented in percentage and median values. Table 3 shows the analysis of respondent’s 
evaluation of the mathematics curriculum framework based on STEM specifically for three to four-year old 
children. 

Based on Table 3, 75% of the respondents gave 4 points to the layout criteria. That is, the layout had a 
good design and an overview of the content. For the arrangement of the mathematics curriculum framework, 
most of the respondents agreed that the mathematics curriculum framework had a good arrangement. For the 
content criteria, 62.50% of the respondents gave 4 points for both meaning and information items. That is, 
most of respondents thought agreed the content was suitable for the children’s abilities, needs and interests, 
and the framework provided clear information of the content. For the language criteria, 62.50% of the 
respondents agreed that the words used were clear and convincing. For the suitability criteria, most of the 
respondents decided that the mathematics curriculum framework was more suitable for informal learning 
than formal learning. 50.00% of the respondents agreed that the overall impression of the respondents on the 
mathematics curriculum framework was good. Half of them agreed that the overall impression was moderate. 
The median for all the criteria was 4, indicating that the respondents gave positive feedback regarding the 
mathematics curriculum framework based on STEM specifically for three- to four-year old children. 

Analysis of Respondent’s Evaluation of the Standard Learning Outcomes of the 
Mathematics Topics in the Mathematics Curriculum Framework based on STEM 

Table 4 shows the analysis of respondent’s evaluation of the standard learning outcomes of the 
mathematics topics in the curriculum framework based on STEM specifically for three- to four-year old 
children. The data is presented in percentage and median values. 

Table 3. Analysis of the Respondent’s Evaluation of the Mathematics Curriculum Framework Based on STEM 
Criteria Item 5 4 3 2 1 Median 

Presentation 
Layout 6 

(75.00%) 
2 

(25.00%) 4 

Arrangement 7 
(87.50%) 

1 
(12.50%) 4 

Content 
Meaning 5 

(62.50%) 
2 

(25.00%) 
1 

(12.50%) 4 

Information 5 
(62.50%) 

3 
(37.50%) 4 

Language 
Clear and Convincing 1 

(12.50%) 
5 

(62.50%) 
2 

(25.00%) 4 

Grammatical and 
understandable 

1 
(12.50) 

5 
(62.50%) 

1 
(12.50%) 

1 
(12.50%) 4 

Suitability 
Formal learning 2 

(25.00%) 
4 

(50.00%) 
1 

(12.50%) 
1 

(12.50%) 3 

Informal learning 4 
(50.00%) 

3 
(37.50%) 

1 
(12.50%) 3.5 

Overall Impression 4 
(50.00%) 

4 
(50.00%) 4 
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As seen in Table 4 for the presentation criteria, 62.50% and 50.00% of the respondents gave 4 points for 
the layout and arrangement item, respectively, indicating that most of the respondents agreed that the use of 
table gave a good overview of the standard learning outcomes and the standard learning outcomes had a good 
arrangement. Next, the same number of respondents (37.50%) gave 3 and 4 points to the meaning criteria in 
the content criteria. Most of the respondents gave 4 points to the information criteria, showing that most of 
the respondents agreed that the standard learning outcomes had enough information. For the language 
criteria, most of the respondents gave 4 points for the clear and convincing item and the grammatical and 
understandable item. Comparing the formal learning and informal learning score, more respondents thought 
that the standard learning outcomes were suitable for informal learning than formal learning. 62.50% of the 
respondents gave 4 points for the overall impression, indicating that the overall impression for the standard 
learning outcomes was good. The median of all nine items was 3.5, showing that the respondents provided 
positive feedback regarding the standard learning outcomes of the mathematics topics in the curriculum 
framework based on STEM specifically for three- to four-year old children. 

Analysis of Respondent’s Evaluation of the Lesson Plan for the STEM Activities 

Table 5 shows the analysis of respondent’s evaluation of the lesson plan for the STEM activities 
specifically for three- to four-year old children. The data is presented in percentage and median values. 

As seen in Table 5, 50.00% and 62.50% of the respondents gave 4 points for the layout and arrangement 
item, respectively. Most of the respondents agreed that the lesson plan showed a good overview of the content 
and the lesson plan had a good arrangement. The activities were also appropriate. For the content criteria, 
62.50% of the respondents thought that the content was clear and suitable for the children. For the meaning 
criteria, 37.50% of the respondents gave 3 points, showing that the lesson plan had enough information for 
the activities. However, 2 points were given to the lesson plan, indicating the lesson plan did not have not 
enough explanation for the activities. For the language criteria, 62.50% of the respondents gave 4 points for 
the clear and convincing item, and 50.00% of the respondents gave 3 points for the grammatical and 
understandable item. Most of the respondents agreed that the words used were clear and convincing, and the 
words used were also good and understandable. For the suitability criteria, 12.50% of the respondents gave 
full points to the formal learning and informal learning items. The remaining respondent gave 1, 3 and 4 
points for the suitability item in informal and formal learning. Half of the respondents (50.00%) agreed that 
the overall impression for the lesson plan was good. The median of all nine items was 4, showing that the 
respondents gave positive feedback regarding the lesson plan for the STEM activities specifically for three- to 
four-year old children. 

Table 4. Analysis of the respondent’s evaluation of the standard learning outcomes of the mathematics topics 
in the curriculum framework based on STEM 
Criteria Item 5 4 3 2 1 Median 

Presentation 
Layout 1 

(12.50%) 
5 

(62.50%) 
1 

(12.50%) 
1 

(12.50%) 4 

Arrangement 4 
(50.00%) 

3 
(37.50%) 

1 
(12.50%) 3.5 

Content 
Meaning 3 

(37.50%) 
4 

(50.00%) 
1 

(12.50%) 3 

Information 3 
(37.50%) 

5 
(62.50%) 3 

Language 
Clear and Convincing 6 

(75.00%) 
1 

(12.50%) 
1 

(12.50%) 4 

Grammatical and 
understandable 

1 
(12.50%) 

4 
(50.00%) 

2 
(25.00%) 

1 
(12.50%) 4 

Suitability 
Formal learning 3 

(37.50%) 
4 

(50.00%) 
1 

(12.50%) 3 

Informal learning 4 
(50.00%) 

3 
(37.50%) 

1 
(12.50%) 3.5 

Overall Impression 5 
(62.50%) 

3 
(37.50%) 4 
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DISCUSSION 
The developed mathematics curriculum framework included three main elements, which were the six main 

topics in the early mathematics, the 5E instructional model, and Science, Technology, Enginnering and 
Mathematics (STEM). The six topics in the mathematics curriculum framework followed the early 
mathematics in KSPK, which were Pre-number Experiences, Number Concepts, Number Operation, Value of 
Money, Time Concept, and Shape and Space. Early Childhood Education Division (PERMATA) (2013) stated 
that three- to four-year old children were ready to be equipped with early mathematics knowledge and skills 
consisting of concepts such as quantity, budget, equation, difference, comparison, welding and sorting 
(sorting), initial number and number representation, one-to-one match, sequence (series), shape, pattern, 
space, time, position, measure, size, number, count and number operation. Compared to the KSPK, several 
mathematics skills were introduced in this developed standard learning outcome for the framework such as 
subtizing and the part-whole relationship. This was adapted from the Curriculum for Kindergartens in 
Singapore by the Ministry of Education Republic of Singapore (2013). The part-whole relationship is an 
understanding that a number can be composed of smaller parts. Children should understand that five blocks 
can be made up of two blocks and one block or one block and four blocks. When children are able to interpret 
a quantity in terms of its parts, it lays the foundation for understanding operations such as addition and 
subtraction. Next, subitizing is an important skill that relates to the development of children’s number sense. 
It refers to the ability to recognise the number of objects in a set without actually counting each individual 
object. Children who can identify small quantities in different arrangements, such as those on dominoes or 
dice, without actually counting them one by one, means that they have a strong sense of quantity. 

The 5E instructional design (engage, explore, explain, extend and evaluate) was emphasised in this study. 
This is because, according to Yoon and Onchwari (2006), the 5E instructional model provides teachers an 
opportunity that can lead children to exercise their innate curiousity, learn about the natural world and 
develop problem-solving skills. According to Campbell (2006), in the first phase, engage, students’ prior 
knowledge of a concept is elicited and connections to present and future topics are encouraged to attract 
students’ interest in the topics. Then, during the explore stage, students carry out the activity or the 
experiment by collecting data, making observations. These explorations will lead to the explain stage. In the 
extend stage, students have the opportunity to extend their learning to other topics. In the evaluate stage, 
both teachers and students will have the chance to both formally and informally reflect upon what has been 
learned.  

In the developed mathematics curriculum framework, the STEM element enclosed all the other elements, 
indicating that that the STEM element was applicable across the other elements. A report by Moomaw and 
Davis (2010) shows that the STEM-based curriculum helps children focus, increase their vocabulary, 

Table 5. Analysis of the respondent’s evaluation for the lesson plan 
Criteria Item 5 4 3 2 1 Median 

Presentation 
Layout 4 

(50.00%) 
4 

(50.00%) 4 

Arrangement 5 
(62.50%) 

3 
(37.50%) 4 

Content 
Meaning 2 

(25.00%) 
5 

(62.50%) 
1 

(12.50%) 3 

Information 2 
(25.00%) 

3 
(37.50%) 

3 
(37.50%) 3 

Language 
Clear and Convincing 5 

(62.50%) 
3 

(37.50%) 4 

Grammatical and 
understandable 

4 
(50.00%) 

4 
(50.00%) 4 

Suitability 
Formal learning 1 

(12.50%) 
5 

(62.50%) 
1 

(12.50%) 
1 

(12.50%) 4 

Informal learning 1 
(12.50%) 

3 
(37.50%) 

3 
(37.50%) 

1 
(12.50% 3.5 

Overall Impression 4 
(50.00%) 

4 
(50.00%) 4 
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collaborate with one another and create scientific relationships. Furthermore, the Early Childhood STEM 
Working Group (2017) states children from different socioeconomic circumstances enter kindergarten with 
large differences in math and science knowledge and that these differences tend to persist or even grow over 
time. However, the gaps in mathematics and science knowledge can be reduced by introducing STEM in early 
childhood education. To support the feasibility of STEM in early childhood education, Ong et al. (2016) indicate 
that it is feasible to integrate STEM into early childhood education. 

From the developed mathematics curriculum framework, the researcher developed STEM activities and 
lesson plans to conduct the activities as the guideline for the teachers. Based on the findings, for the suitability 
criteria for the STEM activities, 12.50% of the respondents gave full points to the formal learning and informal 
learning items. The other respondents gave 3 and 4 points for suitability in the informal and formal learning 
items. However, a respondent gave a score of 1 for the suitability of the STEM activities. Adnan et al. (2016) 
state that the integration of STEM in early childhood education is feasible although some adults mistakenly 
think that STEM activities are too challenging to integrate into preschool settings. Furthermore, Moomaw 
and Davis (2010) report that the STEM activities allow children to explore materials using all their senses. 
While they experiment and investigate the materials, they develop an understanding of important 
mathematical relationships. The suggested STEM activities were developed with a strong idea of learning 
through play. According to Froebel, playing is a natural condition that helps children learn and grow. Through 
play, children can build their own knowledge by exploring and trying a new activity. Playing allow the children 
to meet their needs of curiosity, as well as enhance their knowledge, experience and skills. However, to achieve 
the standard learning outcomes, the types of play emphasised in this study was guided play. According 
Weisberg (2016), guided play refers to learning experiences that combine the child-directed nature of free play 
with a focus on learning outcomes and adult mentorship. In conducting the STEM activities in the classroom, 
the teacher may incorporate the guided play by following the 5E instructional model. As reported by Morrison 
(2007), one of the important criteria stated in the Montessori Curriculum that enables children to learn is a 
prepared environment. Children who are actively involved in a prepared environment and who exercise the 
freedom of choices literally self-educate themselves. The suggested STEM activities involved the use of 
different kinds of materials and resources to support the learning need of the children. In addition, in the 
lesson plan in this study, the researcher also emphasised tools, resources and other recommendation of 
materials that helped children to learn.  

In the implementation phase, the researcher met up with two experts. One of the experts was an expert in 
STEM education and another one was an expert in early childhood education. Other than that, the researcher 
also met up with six teachers in early childhood education to introduce the developed mathematics curriculum 
framework and activities. The feedback of the teachers and experts were gathered through the evaluation 
form. All the respondents commented that the integration of STEM education in the early childhood education 
was a good attempt but it could be improved in the future. Similarly, Soylu (2016) reports that more effort is 
necessary in developing age-appropriate instruction tools to promote STEM in early childhood settings. The 
median for the whole developed products was 4 points. Overall, the respondents gave positive feedbacks for 
the developed mathematics curriculum framework, standard learning outcomes, STEM activities and lesson 
plans in this study. However, some respondents commented that KSPK might not be age-appropriate for the 
three-year old children. On the other hand, Adnan et al. (2016) show that the STEM education can be 
implemented in the Kurikulum PERMATA for the three- to four-year old children. Hence, for future 
improvement of the study, the researcher might have to refer to the Kurikulum PERMATA which is more 
appropriate to the age group of this study. In addition, for the lesson plan, a respondent suggested that, instead 
of focusing on what the children should do, the lesson plan should focus on what the teacher should do. All the 
comments and recommendation from the respondents were used for the improvement of the developed 
products. 

CONCLUSION 
Overall, the objectives of the study were achieved. The developed mathematics curriculum framework, 

standard learning outcomes, STEM activities and standard learning outcomes received positive feedback from 
the respondents. However, there were still some weaknesses in the products developed by this study. Hence, 
all the findings in this study will be used for future research. All the comments and recommendation from the 
respondents will be used for the improvement of the developed products. In addition, more efforts have to be 
taken by government, organisation, community and individual to promote STEM in early childhood education. 
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